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Abstract — We consider two-source two-destination (i.e., two- 
unicast) multi-hop wireless networks that have a layered struc- 
ture with arbitrary connectivity. We show that, if the channel 
gains are chosen independently according to continuous distribu- 
tions, then, with probability 1, two-unicast layered Gaussian net- 
works can only have 1, 3/2 or 2 sum degrees-of-freedom (unless 
both source-destination pairs are disconnected, in which case no 
degrees-of-freedom can be achieved). We provide sufficient and 
necessary conditions for each case based on network connectivity 
and a new notion of source-destination paths with manageable 
interference. Our achievability scheme is based on forwarding the 
received signals at all nodes, except for a small fraction of them in 
at most two key layers. Hence, we effectively create a "condensed 
network" that has at most four layers (including the sources 
layer and the destinations layer). We design the transmission 
strategies based on the structure of this condensed network. 
The converse results are obtained by developing information- 
theoretic inequalities that capture the structures of the network 
connectivity. Finally, we extend this result and characterize the 
full degrees-of-freedom region of two-unicast layered wireless 
networks. 



I. Introduction 

Characterizing network capacity is one of the central prob- 
lems in network information theory. While this problem is in 
general unsolved, there has been considerable success in two 
research fronts. The first one focuses on single-flow multi-hop 
networks, in which one source aims to send the same message 
to one or more destinations, using multiple relay nodes. Since, 
in this scenario, all destination nodes are interested in the same 
message, there is effectively only one information stream in 
the network. Starting from the max-flow-min-cut theorem of 
Ford-Fulkerson [2], there has been significant progress on this 
problem. For wireline networks, the maximum multicast flow 
was characterized in [3]. In [4, 5], it was further shown that this 
maximum flow can be achieved using linear network codes. 

In [6], the max-flow min-cut theorem was generaUzed for a 
class of linear deterministic networks with broadcast and inter- 
ference. Inspired by this generalization, the multicast capacity 
of wireless networks was then characterized to within a gap 
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that does not depend on the channel gains [6], hence providing 
a constant-gap approximation of the capacity. Tighter capacity 
approximations were later derived in [7, 8]. 

The second research direction focuses on multi-flow wire- 
less networks with only one-hop between the sources and 
the destinations, i.e., the interference channel. While the 
capacity of the interference channel remains unknown (ex- 
cept for special cases, such as [9-15]), there has been a 
variety of capacity approximations derived, such as constant- 
gap capacity approximations [16-18] and degrees-of-freedom 
characterizations [19-24]. 

However, once we go beyond single-hop, there is much 
less known about the capacity of multi-flow networks. Even 
in the simplest case with two sources and two destinations 
there are very few general results, such as [25], where the 
maximum flow in two-unicast undirected wireline networks 
is characterized. For two-unicast directed wireUne networks, 
[26-28] have provided graph-theoretic and cut-set based con- 
ditions under which rate (1,1) can be achieved. In the wireless 
realm, constant-gap approximations of the capacity of specific 
two-hop networks (the ZZ and ZS networks) were obtained 
in [29]. Furthermore, it was recently shown that the network 
resulting from the concatenation of two or more fully con- 
nected interference channels (the XX structure) admits the 
maximum of two degrees-of-freedom [30]. The achievability 
scheme relies on the notion of real interference alignment, 
which was introduced in [22]. 

In this paper, we consider two-unicast multi-hop wireless 
networks that have a layered structure with arbitrary connec- 
tivity. We consider an AWGN channel model and assume that 
the channel gains (for each existing link) are independently 
drawn from a continuous distribution and remain fixed during 
the course of communication. Moreover, we assume that all 
channel gains are fully known at all nodes. Under these 
assumptions, we will show that, with probability 1 over the 
choice of the channel gains, two-unicast layered Gaussian 
networks can only have 1, 3/2 or 2 sum degrees-of-freedom 
(unless the source-destination pairs are discormected, in which 
case we have degree-of-freedom). Furthermore, we will 
extend this result and show that there are only five possible 
degrees-of-freedom regions for two-unicast layered networks, 
and we will provide necessary and sufficient conditions for 
each case that are based only on properties of the network 
graph. 

Paper outline and description of main contributions: 

In Section II, we provide some basic definitions and state 
our main result. Then, in Section III, we give a high-level 
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description of the proof techniques and the intuition behind 
some of the arguments. We proceed to describing the networks 
in which only one degree-of-freedom can be achieved in 
Section IV. More specifically, if we let (si,di) and (82,^2) 
be the pairs of corresponding source and destination, we will 
show that the maximum achievable degrees-of-freedom is one 
if and only if we are in one of the following two cases: (i) the 
network contains a node v whose removal disconnects pairs 
(sijdi), (52,^2) and at least one of (si,c?2) and {s2,di); 
or (m) the network contains an edge (w2,wi) such that the 
removal of Vi disconnects a destination from both sources and 
the removal of V2 disconnects the non-corresponding source 
from both destinations. The conditions we present can be seen 
as a generaUzation of the graph-theoretic conditions given in 
[27] which characterize when a two-unicast wireline network 
does not support rate (1, 1). 

Then, in Section V, we consider the cases in which two 
degrees-of-freedom can be achieved. We will show that if our 
network graph contains a Butterfly or a Grail subgraph, then 
two degrees-of-freedom can be achieved. In order to describe 
the third class of networks which admit two degrees-of- 
freedom, we introduce the notion of manageable interference. 
We will say that two disjoint source-destination paths have 
manageable interference if, intuitively, all the interference 
between them can be either avoided or neutralized. Once again, 
it is interesting to compare the description of the networks 
with two degrees-of-freedom to the graph-theoretic description 
of the wireline networks which support rate (1,1). While 
in the wireline case it is possible to achieve rate (1,1) in 
networks which contain a Butterfly, a Grail or two edge- 
disjoint paths from each source to its corresponding destination 
(see [27, 28]), in the wireless case, it is possible to achieve 
two degrees-of-lreedom in networks which contain a Butterfly, 
a Grail or two vertex-disjoint paths from each source to its 
destination that have manageable interference. 

In order to describe general achievabiUty schemes that work 
for an arbitrary number of layers, we propose a new method 
which involves building a condensed network, by identifying 
specific key layers which will perform non-trivial relaying 
operations. All the nodes which do not belong to the key layers 
will be assumed to simply forward their received signals at all 
times. Therefore, an effective transfer matrix between any pair 
of consecutive key layers can be obtained and it can be used 
to define the edges and the channel gains of our condensed 
network. To achieve two degrees-of-freedom, we will consider 
two distinct relaying schemes for the nodes in the key layers. 
If our condensed network is a 2 x 2 x 2 interference channel, 
then we will resort to the real interference alignment schemes 
provided in [30]. Otherwise, we will show that a linear coding 
scheme will suffice to achieve the sum degrees-of-freedom. 
Notice that, since we assume single antennas at all nodes, the 
cut-set bound tells us that we cannot hope to achieve more than 
two degrees-of-freedom, and this case requires no converse 
proof. 

In Section VI, we address all the networks which do not 
fall into the cases considered in Sections IV and V. We 
will show that they all have 3/2 degrees-of-freedom. Our 
achievabiUty scheme is based on defining two distinct modes 



of operation for the network. During the first mode, specific 
nodes act as buffers, storing all the received signals in order 
to use them during the second mode of operation. Then, in 
the second mode, these stored signals can be either forwarded 
towards the destinations or used to neutrahze the interference. 
This way, it is possible to achieve 3/2 degrees-of-freedom 
by evenly dividing the amount of time the network operates 
in each mode. The converse result is obtained by finding 
information-theoretic inequalities which capture the fact that 
the interference, in this case, is not completely manageable. 

In Section Vll, we describe how the results regarding 
the sum degrees-of-freedom of two-unicast layered Gaussian 
networks can be extended to obtain the full degrees-of-freedom 
region. We show that there are only five possible degrees- 
of-freedom regions (assuming each source is connected to its 
destination) and we provide necessary and sufficient conditions 
for a network to have each of these regions. We do this by 
using the outer bound provided by the sum degrees-of-freedom 
and by describing achievability schemes for some specific 
extreme points in the degrees-of-freedom region, using real 
interference aUgnment. 

FinaUy, in Section VIII, we provide some concluding re- 
marks. 



II. Definitions and Main Results 

A multiple-unicast Gaussian network J\f = (G, L) consists 
of a directed graph G = iV,E), where V is the vertex 
(or node) set and E C V x V is the edge set, and a set 
of source-destination pairs L c V x V. We will focus on 
two-unicast (two-source two-destination) Gaussian networks, 
which means that L = {(si, di), (.S2, ^2)}^ for distinct vertices 
si,S2,di,d2. Moreover, we will assume that the network is 
layered, meaning that the vertex set V can be partitioned 
into r subsets Vi , V2 , . . . , (called layers) in such a way that 
E C Ulli Vi X Vi+i, and Vi = {31,82}, K = {(^1,^2}. For 
a vertex v e Vj, we wiU let I{v) = {u e Vj-i : {u,v) G E} 
(the input nodes) and 0{v) = {u G Vj+i : {v,u) G E} 
(the output nodes). Furthermore, we will let £{v) be the index 
corresponding to the layer containing v, i.e., v G V^(„). 
Notice that the layers induce a natural ordering of the nodes. 
Thus, we may say, for example, that Va occurs before Vb if 

eiva) < £{vb). 

A real-valued channel gain is associated with each edge 
e G E. Since we will often be referring to vertices by Vi, 
for z e N, we will also use hij to represent the channel gain 
associated with edge (vi, vj). We will assume that the channel 
coefficients he are independently drawn from continuous dis- 
tributions and are fixed during the course of connmunication. 
We also assume that all channel gains are fully known at all 
nodes. At time m, each node Vi (with the exception of di and 
^2) transmits a real-valued signal X^Jm] (or simply Xi[m], 
when there is no ambiguity), which must satisfy an average 
power constraint ^J2m=iE [^ilM] < -P> Vi;^ G F, for a 
communication session of duration n, where the expectation 
is taken with respect to any possible randomization involved. 
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The signal received by node Vj at time m is given by 

■^■[™] = hijXi[m] + Nj[m], for m = 1, 2, ... , 

where Nj [m] is the zero mean unit variance Gaussian discrete- 
time white noise process associated with node Vj. The trans- 
mitted signal from node Vj (with the exception of si and S2) 
at time m must be a (possibly randomized) function of its 
past received signals Yj[k], for k = l,...,m— 1. Source s,j 
picks a message Wi that it wishes to communicate to di, and 
transmits signals X^Jm], m = l,...,n, which are a function 
of Wi, for i = 1,2. Each destination uses a decoder, which 
is a mapping gi : M" — > {l,...,|Wi|} from the n received 
signals to the source message indices (\Wi\ is the number of 
messages that can be chosen). We say that rates Ri = '°^,|,^'^ 
for i — 1,2 are achievable if the probability of error in the 
decoding of both messages by their corresponding destinations 
can be made arbitrarily close to by choosing a sufficiently 
large n. The sum-capacity C^{P) is the supremum of the 
achievable sum-rates for power constraint P. 

Definition 1. The sum degrees-of-freedom Dy: of a two- 
unicast Gaussian network is defined as 



Dy 



lim 



P^oo i log P ' 



Remark: Dy: will in general depend on H ~ {h^. : e G 
E}. However, we will show that with probability 1, only 
depends on the network graph G, and not on the values of H. 

We now consider several definitions which will be used 
throughout the paper. 

Definition 2. A ( directed) path between vi G V and Vk V is 

an ordered set of nodes {vi,V2, such that {vi,Vi+i) G 

E for i — 1, k — I. We will commonly refer to a path 
between Vi and by We write Vi ^ v^, if there is 

a path between vi and Vk- Notice that for any node v G V, 

V V. 

For simplicity, we will assume that any v G V belongs 
to at least one path Pg-.dj for i G {1,2} and j e {1,2}. 
This is reasonable since a node that does not belong to any 
source-destination path does not alter the achievable rates in 
the network and can be removed. Moreover, we will always 
assume that Si ^ di for i = 1,2, since 7^ di implies that 
Ri = 0. In order to be able to "cut and paste" path segments 
we will also consider the following path operations. For a 

path Pv^,vt = {Va,Va+l, ■■■,Vb}, WC will let Pv^,vdVc,Vd] = 

{vc,Vc+i, ■■■,Vd} if a < c < d < b. Moreover, if we have 
paths Pv^,vf and Py^^^^, we will let Pv^.vf © Pvj,vg be the 
path which results from concatenating P^^ „^ and Pyj . 

Definition 3. Paths Pva.vb ^^^d Pv^,vd '^''^ ■^o"^ to be disjoint 

if Pva,vb ^ Pvc,vd — 0- (Notice that such paths are usually 
called vertex-disjoint, but here we will refer to them as simply 
disjoint) 

Definition 4. For a subset of the vertices S <Z V , we say that 
G[S] is the graph induced by S on G, if G[S] = {S,Es), 
where Eg = {{vi, Vj) G E : Vi, Vj £ S}. 



Definition 5. We say that TV' = {G',L') is a subnetwork 
of M = (G, L), if G' = G[S], for some S C V such that 
L C S X S, and L' = L. 

For the next definitions, we assume we have two disjoint 
paths Psi,di and Ps2,d2- Since we will often make statements 
which work for both Psi.di and Ps2,d2^ we will let i = 2 if 
i = 1 and i — 1 if i — 2. 

Definition 6. We will say that a node Va ^ Psi.di causes 
interference on Psi,di and write Va Psi.di> if can find 
a node Vb S Psi,di such that {va,vi,) G E and a path Psj,Va 
between and Va such that Psj.Va 1^ Psi.di — 0- for i — 1,2. 
Moreover, we will say the interference is direct, and write 

Va — Psi,di, if in addition, Va € Ps-i,dj- Otherwise, we call 
the interference indirect. 

Consider a subnetwork {G[S], {(si, di), (52,^2)}) for some 
S D iPs,,d, U Ps2,d2)- We will define n,(G[^], P,.,rfJ ^ 
\{v G S : V'^Ps,,di}\, for i = 1,2. Notice that, in the 
definition of rii, the path implied by v -i^ Psi.di must exist 
in the subnetwork with graph G[S]. Moreover, we define 

nPiPs,4„Ps,,dJ ^ \{v e V : vAp.^mM When there 
is no ambiguity in the choice of our two disjoint paths Psi.di 
and Ps2.d27 we will simplify the notation by using ni{G[S]) 
and nf . 

Definition 7. Two disjoint paths Psi.di ond Ps2.d2 have 
manageable interference if we can find S d V such that 
Ps^.dr,Ps2,d2 C S, ni(G[5]) ^ 1 and n2(G[5]) ^ 1. 

The following example illustrates the definitions above. 

Example 1. Consider the network depicted in Figure 1. 
We have two disjoint paths from each source to its corre- 




t'r Dg 

Fig. 1 . Two-unicast layered network considered in Example 1 . 

sponding destination, given by Psi,di = {si,vi,V2,V3,di} 
and Ps2.d2 — {s27VT,Vs,vg,d2}. If we consider the entire 
network Af = {G,L), then we have that ^5 Psi,di (since 
we have a path Ps2,v^, = {52,^4, W5} disjoint from Psi,di) 
and V7 Psi,di (since we have a path Ps2.v7 — {52,^7} 
disjoint from Psi,di and e Ps2,d2)- Similarly, we have that 
ve'i*Ps2,d2- Thus, we conclude that nf (P^^^d^ > -Psi.di ) = 
1, n^{Ps,,d^,Ps2.d2) - 0, ni{G,Ps,,dJ = 2 and 
n2{G,Ps2,d2) — 1- If instead we consider the subnet- 
work TV = {G[S],L), where 5" = Ps,.di U Ps^.da, we 
have ni{G[S],Ps,Mi) = {Ps2,d2, Psi,dJ = 1 and 
n2{G[S],Ps2,d2) = n^{Psi,di,Ps2,d2) = 0. Finally, we con- 
sider the subnetwork TV = (G[S"],i), where S' ^ V \ {vq}. 
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Then we have ni{G[S'l Ps,,d^) = 2 and n2(G[5'], = 
0, and we conclude that Psi,di and Ps2.d2 have manageable 
interference. 

Now we state our main results. 

Theorem 1. For a two-unicast layered Gaussian network Af — 
{G — (y, -B), {(si, di), (s2; c?2)}), where the channel gains 
are independently drawn from continuous distributions, with 
probability 1, the sum degrees-of-freedom ofAf, D-^, are given 
by 

A) Dy: ~ 1 if M contains a node v whose removal 
disconnects di from both sources and from both 
destinations, for i = 1 or i = 2, 

A') Dy: — 1 if M contains an edge {v2,vi) g E such that 
the removal of Vi disconnects di from both sources and 
the removal of V2 disconnects sjfrom both destinations, 
for i ~ 1 or i ~ 2, 

B) Dy ^ 2 if J\f contains two disjoint paths Ps^,di <^nd 
Ps-,,d2 with manageable interference (see Definition 7), 

B') Ds = 2 if Af or any subnetwork does not contain two 
disjoint paths Psi.di ond Ps2,d2> but does not fall into 
case (A), 

C) Dj2 — I in all other cases. 

We also characterize the full degrees-of-freedom region of 
two-unicast layered Gaussian networks. We first define some 
basic notions. 

Definition 8. The capacity region C{P) of a two-unicast 
Gaussian wireless network Af with power constraint P is the 
closure of the set of all pairs of achievable rates (i?i,i?2)- 

Definition 9. The degrees-of-freedom region of a two-unicast 
Gaussian network Af is given by 



V = {{Di,D2) e ■.\/wi,W2 e M.+ ,wiDi+W2D2 
wiRi -\- W2R2 \ 1 



< lim 



sup 

,(-Ri,-R2)eC(P) 



ilogP 



(1) 



In order to simplify the characterization of the networks ac- 
cording to their degrees-of-freedom regions, we also consider 
the following definition. 

Definition 10. Two disjoint paths Psi,di ond Ps2.d2 have 
(siydi) -manageable interference if we can find S G V such 
that Psi_,di,Ps2,d2 C S, ni{G[S]) ^ I, for i = 1 or 2. 

For the degrees-of-freedom region of two-unicast Gaussian 
networks, we have the following result. 

Tlieorem 2. rofit For a two-unicast layered Gaussian network 
J\f — (G — (y, -E), {(si, di), (s2, o?2)}), where the channel 
gains are chosen according to independent continuous distri- 
butions, with probability 1, the degrees-of-freedom region T> 
is given by 

I. V = {(£)i,D2) e : Di + D2 < 1} if M falls in 

cases {A) or {A!) in Theorem 1, 
II. V = {(£>!, 1)2) (^^\. Di<l,D2< 1} if M falls in 
cases (B) or (B' } in Theorem 1, 



III V= {{Di,D2) (^M.\:Di< 1,D2 < l,Di+D2 < §} 
if M is not in cases I, II and contains disjoint paths 
Psi,di ond Ps2,d2 whose interference is (si,di) and 
{s2, d2)-manageable, 

IV. {{Di,D2) eR^ : Di <l,Di + 2L>2 < 2} ifAfis 
not in cases I, II and III and contains paths Qs^ .di 
and Ps2.d2' such that Qsi.di o.nd Ps2.d2 '^'"^ disjoint 
and have (si, di)-manageable interference, and Zg-^^di 
and Ps2.d2 '^''^ disjoint and have (s2, d2) -manageable 
interference, 

V. V= {{Di,D2) e : -D2 < l,2Di+D2 < 2} ifAfis 
not in cases I, II and III and contains paths Ps-^.di> Qs2.d2 
and Zs2_d2' such that Qs2,d2 o'^d Ps-i^.di <^re disjoint 
and have (si, di) -manageable interference, and Zs2,d2 
and Psi.di cLre disjoint and have {s2, d2) -manageable 
interference. 

Moreover, any two-unicast layered Gaussian network Af falls 
into one of the cases described above. These five regions are 
depicted in Figure 2. 



III. Proof overview 

Even though Theorem 1 can be seen as a simple conse- 
quence of Theorem 2, we will first prove Theorem 1 . Theorem 
2 will then follow as an extension of it. We will consider cases 
(A), (A'), (B), (B') and (C) sequentially. The intuition behind 
(A) is as follows. Let Wi be the message from si and W2 be 
the message from S2- If the removal of v disconnects di from 
both sources, then by knowing the received signal at v we 
should be able to decode Wi. Then, since v also disconnects 
d2 from S2, loosely speaking, all the information about W2 
goes through v. Therefore, v can use the knowledge about 
Wi to remove any interference due to signals about Wi, thus 
being able to decode W2 as well. Since a single node can 
decode both messages, we have that D^, < 1, and it follows 
that — 1, since 1 degree-of-freedom is trivially achievable 
from the fact that si ^ di and S2 ^ d2. The intuition behind 




Fig. 3. An example of a network in case (A'). 

(A') is similar. If the removal of vi disconnects di from both 
sources, then by knowing the received signal at vi we should 
be able to decode Wi. Since the removal of V2 disconnects S2 
from both terminals, all the information regarding W2 goes 
through V2. This means that all the information received at 
vi which does not come from V2 is about Wi and, thus, by 
knowing the received signal at wi, one can remove the part 
regarding Wi and obtain the part of the transmitted signal at 
V2 regarding W2. But this implies that from vi we should be 
able to decode both Wi and W2, which implies < 1. 
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Fig. 2. Degrees-of-freedom region for networks in case I (a); case II (b); case III (c) ; case IV (d) ; case V (e). 



An example of a network that would fall in (A') is shown in 
Figure 3. 

To prove (B) and (B'), we will provide several achievability 
schemes for 2 degrees-of-freedom. For networks in (B), i.e., 
networks which contain two disjoint paths with manageable 
interference, depending on the network topology, we will ei- 
ther consider simple amplify-and-forward schemes or schemes 
based on real interference alignment, as described in [30]. If 
the network is in (B'), we will first restrict ourselves to the 
subnetwork which satisfies the description in (B')- Then, we 
will use a result from the double unicast problem for wireline 
networks to claim that the subnetwork must contain one of the 
three structures shown in Figure 4. But since we are assuming 
that the subnetwork has no two disjoint paths, we must have 
either the structure in Figure 4b or the structure in Figure 4c. 
We provide an amplify-and-forward achievability scheme in 
each case. 

For case (C), we only need to consider networks which 
have two disjoint paths Psi,di and Ps2.d2^ but do not have two 
disjoint paths with manageable interference. This is because 
all networks which do not contain two disjoint paths Ps^.di 
and Ps2,d2 must fall into (A) or (B')- Moreover, any network 
that has two disjoint paths with manageable inteference will 
fall into (B). We will identify two main classes of networks in 
(C), depicted in Figure 5, and for each of these classes we will 
first provide an achievability scheme, based on two separate 
modes of operation for the network, which achieves | degrees- 
of-freedom. Then, we will show that the non-existence of two 
disjoint paths with manageable interference implies that either 
the network falls into (B') or < |. 

We will then build upon the result from Theorem 1 to obtain 
Theorem 2. For networks in cases (A), (A'), (B) and (B'), we 
will notice that the degrees-of-freedom region can be readily 
obtained from the sum degrees-of-freedom. For networks in 
case (C), we use the fact that the they must contain two 



disjoint paths that do not have manageable interference to infer 
properties about the network connectivity. Then, we combinine 
the outer bound provided by the sum degrees-of-freedom with 
achievability schemes for the extreme points to characterize 
the degrees-of-freedom region. Some of the extreme points 
will require the use of real interference alignment schemes. 



IV. Networks with only one degree-of-freedom 

In this section, we will provide converse results for networks 
that fall in cases (A) and (A')- For the converse proofs, 
necessary for (A), (A') and (C), we will derive information 
inequalities which allow us to bound the achievable sum- 
rates, and thus the degrees-of-freedom. We start by considering 
(A), and we assume WLOG that we have a node v whose 
removal disconnects di from both sources and S2 from both 
destinations. We assume that the communication session lasts 
n time steps, and for a node Vj G V, we let X", Yp 
and iV" be length n vectors whose entries are, respectively, 
the transmitted signals [1], [n], the received signals 
Y, [1], y, [n] and the noise terms Nj[\\,...^Nj[n]. For a 
set of nodes 5", we will define Xs to be the set of all 
Xi's, for Vi E S. Then, if we have Xg, we have a set of 
length n vectors. We let Wi and W2 be independent random 
variables corresponding to uniform choices over the messages 
on sources si and S2 respectively. Then we have 

ni?i = H{Wi) = I{W,;Yl) + H{Wi\Yl) 

< I{Wi; Yl ) + ne„ < ^ I{Xl ; ) + ne„ (2) 

where (i) follows from Fano's inequality, where e„ — > as 
n — > 00; and (m) follows because the removal of v disconnects 
di from both sources; thus we have Wi X^^ o Y^ o FJ*. 




Fig. 4. Tliree categories of networks wliicli are not in case (A). Notice that not all nodes are explicitly sliown for tlie sake of generality. Eacli line represents 
a path, not necessarily a link, with any number of nodes. 



Fig. 5. Examples of the two classes of networks in case (C). 



For i?2, we have 

nR2 = H{W2) = HW2;Yl) + H{W2\Yl) 

< IiW2; YD + ne„ < /(X,"^; r;\ X^J + ne„ 
<^ I{Xl-Y:\Xl)+ne^ 



(3) 



where {i) follows because the removal of v disconnects d2 
from S2, and, as a consequence, the removal of v and si 
disconnects d2 from both sources, and we have W2 ^ X^^ o 
o Fjg; and (m) follows since X"^ is independent 
of X"^. Now, by adding inequalities (2) and (3), we obtain 

+ R2) = I{XI-Y:) + I{XI-Y:\XI) + ne„ 
= /(X,';,X:;;i;")+ne„ 
= h{Y:)-h{Y:\Xl,Xl)+ne^ 
< HY:) ~ h{Y:\Xl , XI , + ne„ 

</^(y,")-;i(iv;') + 7^e„ 
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- log(27re) 



log 



1 



P 



P 



27re 



(4) 



where /3 is a constant which does not depend on P, for P 
sufficiently large. Therefore we conclude that 



Dy^ < lim lim 

P— VC30 n— foo 



log(/3P) + 2£„ 
logP 



= 1. 



In order to simplify the converse proofs for (A') and (C), we 
will consider a decomposition of the additive Gaussian noise 
Nj associated with each node vj. More specifically, if m = 
we break the noise at node vj into m independent 
noise components, each with variance 1 /m. Then we associate 
each of these components with one of the incoming edges, and 
we can define, for Vi e I{vj), 



X, 



hijXi 



where Ni,j is the noise term associated with the edge (vi, vj). 



Clearly, we have Nj 



and Ni has unit 



variance. Notice that we can now write, for a node Vj, Yj = 



y. 



Xj „ . Moreover, we will define 



X, 



{Xi^j : j s.t. Vj e 0{v,)}. 



As before, we let Xs be the set of all Xi's, for Vi € S, and 
be a length n vector with all the X^toJ's, for m = I, ...,n. 
In order to find upper bounds to the rates, we will of- 
ten be interested in showing that certain conditional mutual 
information terms can be upper bounded by a constant. In 
particular, if we have a Z structure across two layers in the 
network, such as the one shown in Figure 6a, we would like 
to say that J(X"; X") can be upper bounded by a 

constant that does not depend on P. Intuitively, the reason 





(a) 

Fig. 6. The Z structure. 



(b) 



is that, given X" and yj', one can subtract X"^ from FJ* 
and obtain This means that "almost all" information in 
X" can be deduced from (YJ,", X^), and thus the conditional 
mutual information cannot be very large. This reasoning is 
formalized in the following lemma, where we generalize the 
Z structure to one where |I(w6)| > 2 and [©(wc)] > 2, as 
shown in Figure 6b. Moreover, we generalize this notion to 
the case where the mutual information may be conditioned 
on other signals as well, provided that these signals do not 
contain information about A^"^, for some Vd € D. The proof 
can be found in Appendix A. 

Lemma 1. Suppose we have nodes Vh and Vc such that 
(vci ^^fc) € E, and let A — \ {^c} ond D — 0{vc) \ {f 

Suppose, in addition, that we have a set of nodes S such that, 
if u ^ 0{vc) and w £ S, we have wpr w, and a set of nodes 
T with the property that, if u Cz D and w Cz T, then u ^ w. 
Then, we have 

I{Xl,X:\Y^,X%X^i)<nK, 

where K is a constant that is only a function of the channel 
gains and the network graph G. 

Remarks: If, in the statement of Lemma 1, we condition the 
mutual information on X^ instead of Xlj^ the same result 
holds. Also, if instead of conditioning on X\ and Y^ we 
condition on X"^' '^^e same result holds, since, in the proof, 
we use X^ and Y^ to construct ^"j. We will consider these 
cases to be covered by Lemma 1 as well. 
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We can now proceed to the proof of case (A') in Theorem 
1. We assume WLOG that we have an edge {v2,vi) e E such 
that the removal of vi disconnects di from both sources and 
the removal of V2 disconnects S2 from both destinations. We let 
A = {v € V : S2 '/^ v}, and we notice that T{vi) \ {V2} C A, 
since, otherwise, we would have a node Va G \ {^2} 

such that S2 ^ Va, and this would contradict the fact that 
the removal of V2 disconnects S2 from di. Moreover, V2 ^ A, 
because all paths from S2 to d2 contain V2 and we must have 
at least one such path. Thus we have 

nRi < IiWi;YXJ + ne„ < /(l^; Y{') + ne„ 
= Iin,X^; YD - IiX^;Yr\Xl) + ne„ 
(") n 

< - log P + nXi-/(X2"; 171x2) +ne„, (5) 

where (z) follows because vi disconnects di from both sources 
and si e A, thus we have Wi O X^l O Yj" 4-> FJ^; and 
{ii) follows because I{vi) \ {V2} C A and V2 ^ A, hence we 
can upper-bound /(X2,XJ;F") as 

I{X^,X^:Y,-) = h{Yn - h{YnXl,Xl^) 
= h{Yn - h{Nl,) 

< - log — 

- 2 2^e/\I{v^)\ ^ 

fl ft 

<- \og{-f P)<- log P + nKi, (6) 

where 7 and Ki are constants which are independent of P, 
for sufficiently large P. 

Next we notice that, since the removal of V2 disconnects 
d2 from S2 and the removal of A disconnects d2 from si, the 
removal of V2 and A disconnects d2 from both sources. Thus 
we have 

nR2 < I{W2;Yg) + ne„ < /(VF2; X^, l^) + ne^ 
^=^/(W^2;^2"|X3) + ne„ 

^ I{XS;X^\X:i)+ner, 
<I{Xq-X^,YnXl)+ner. 
= I{X^- Y^\Xl) + I{X^; 1^1X5, Fl") + ne„ 

<^ /(X^^ Y{'\X'X) + nK2 + ne„, (7) 

where (i) follows from the fact that the removal of V2 and 
A disconnects ^2 from both sources, which implies W2 ^ 
{X^',X'^) O Yg; (m) follows from the fact that W2 is 
independent of X^; {Hi) follows from the fact that, given X^, 
we have W2 X2 Xl^; (iv) follows from the application 
of Lemma 1 to I{X^; X^\X'l,Y{'), since I{vi) \ {V2} C A. 
Finally, by adding (5) and (7) we obtain 

TL 

n{Ri + i?2) < 2 log ^ + ^i^i + + 

and we conclude that Dy, < 1. Since one degree-of-freedom 
is trivially achievable, we have = 1 for both (A) and (A'). 



V. Networks with two degrees-of-freedom 

In this section, we will provide achievability schemes for 
the networks which fall into cases (B) and (B'). In order to 
describe these schemes we will proceed as follows. We will 
first identify the key layers, whose nodes will be responsible 
for performing non-trivial relaying operations. All the nodes 
which do not belong to the key layers will simply forward 
their received signal. This will allow us to build a condensed 
version of the network. The condensed network only contains 
the nodes in the key layers, Vi and Vr- The edges and 
respective channel gains are determined according to the 
effective transfer matrices between two consecutive layers of 
the condensed network, which are obtained by assuming that 
all intermediate nodes which are not in the key layers, Vi or 
Vr are simply forwarding their received signals. An example 
is shown in Figure 7. 




(a) (b) 



Fig. 7. A 5-layer network (a) and its 3-layer condensed version (b) 

We will refer to the effective channel gains of the edges 
in the condensed network by h{v, u), where v is the starting 
node and u is the ending node. For example, in Figure 7, 
we have h{s2, W3) = h2hj + h^hs and h{v2, c?2) = 0. Notice 
that, in the condensed network, the effective additive noises 
at the nodes are not necessarily independent and identically 
distributed. However, they are still drawn from continuous 
distributions, which will be sufficient for us. 

The condensed networks will be useful since we will 
conclude that entire classes of layered networks will possess 
essentially the same condensed network, and therefore we may 
describe a single achievability scheme for all the networks in 
that class. We will describe achievability schemes for — 2 
in essentially two ways, according to the structure of the 
condensed network. If the resulting condensed network is a 
2x2x2 interference channel, then we will use the scheme 
described in [30] to achieve Ds ~ 2. Otherwise, we will 
describe a simple amplify-and-forward scheme that guarantees 
that the end-to-end transfer matrix for the condensed network 
(and thus for the original network as well) is of the form 

"/3i 0" 

/32J ' 

for ^i,/32 ^ 0. Thus we have Y^^ = + A^jf, for 

i — 1,2, where N^^ is the effective additive noise at di. 
Since the scaling factors used at the key layers and the noise 
variances are functions of the channel gains only (and not 
the power P of the signals transmitted by the sources), we 
have essentially two parallel point-to-point AWGN channels. 
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In order to make sure that the output power constraint is 
satisfied at all nodes, we will restrict the sources to using 
power aP, for some a G (0, 1). It is not difficult to see 
that, for P sufficiently large, a can be chosen independent 
of P. The effective additive noises at the destinations will 
be linear combinations of the individual Gaussian noises at 
each node, where the coefficients are functions of the channel 
gains hg. Therefore, af, the variance of the additive Gaussian 
noise at destination di, is not a function of P, and each source- 
destination pair {si,di), for i = 1,2, can use Gaussian random 
codes to achieve rate 

and, therefore, one degree-of-freedom. We conclude that we 
achieve Z3s = 2. 

First, we will consider (B), in which case we have two 
disjoint paths with manageable interference. 

A. Two disjoint paths with manageable interference 

We let Psi,di and Ps^,d2 be our two disjoint paths such that 
we have S* C F containing Psi,di and Ps2.d2 and satisfying 
ni{G[S]) 7^ 1 and n2{G[S]) ^ 1. In general, we will assume 
that 5* is chosen to be minimal, and all the nodes in V \ 5 
are removed from the network. If we have ni{G[S]) — 
and n2{G[S]) = 0, then achieving = 2 is trivial: we 
have two disjoint paths Psi.di and Ps2,d2 with no interference 
whatsoever. For networks where ni{G[S]) > 2, for i = 1 
or i — 2, we will define to be the first node on Psi.dt 
whose removal disconnects di from sj. Notice that V£(„i)_i is 
the layer containing T{vp). This layer will be used as one of 
the key layers. Intuitively, this is the last layer where we can 
choose the scaling used at the nodes so that the interference 
on Ps,M, is canceled. If n,{G[S]) > 2 and ni{G[S]) = 0, 
for i = 1 or i = 2, our condensed network will be a 
two-hop network formed by layers Vi,yf(„i)_i and Vr- If 
ni{G[S]) > 2 and n2{G[S]) > 2, our condensed network will 
be a three-hop network formed by layers Vi, V((yi-j_i, Vf(„2)_i 
and Vr (unless £{vp) = £{vp), in which case the condensed 
network will be a two-hop network). We will need the follow- 
ing technical lemma about Vp, whose proof can be found in 
the Appendix. 

Lemma 2. Assume ni{G[S]) > 2, for i — 1 or i = 2, and 
let Vp be defined as above. Then, there exist two paths P^-^^yi 
and Ps2,vi, that Ps^y^ ^ Ps2,vi ~ {^p}- 

The importance of Lemma 2 is that it guarantees that the 
transfer matrix between (si,S2) and two nodes in I{Vp) will 
be invertible with probability 1 . This will be further explained 
later but, intuitively, it is necessary to give the nodes in X(vp) 
freedom to cancel the interference from on Psi,di - A second 
useful property about is now stated in the form of another 
Lemma. 

Lemma 3. Assume ni{G[S]) > 2, for i = 1 or i = 2, and let 
Vp be defined as above. Then, there are (at least) two nodes 
Vi,V2 G 1{Vp) such that ^ vi and ^ V2. 



Proof: Since ni{G[S]) > 2, we have that di. Thus, 

since the removal of Vp disconnects Si^ from di, we must have 
at least one node vi S I{Vp) such that vi. If we suppose 
by contradiction that vi is the only such node, then we have 
that vi disconnects sj from di. If vi G Psi.di we contradict 
our choice of Vp. If vi ^ Psi.di, then we contradict the fact 
that ni{G[S]) > 2. " ^ ■ 

The importance of the property in Lemma 3 is that it 
guarantees that, with probability 1, at least two nodes in 
will have in their received signal a component which 
corresponds to the transmitted signal from s^. Intuitively, this 
means that, we can cancel the interference from on Psi,di, 
while still allowing the signal from to reach dj. We now 
consider the case in which we have 7ii(G'[S']) > 2 and 
n2{G[S])=0. 

1} ni{G[S]) > 2, n2{G[S]) ^ 0: Notice that in this 
case only Vp is defined. Thus, we will consider the con- 
densed network formed by layers Vi,y£(^i)_i and Vr, with 
™ = |V«(t,i)-i|. Our condensed network should look like the 
network in Figure 8. The solid fines correspond to edges that 




Fig. 8. Illustration of a condensed network with ni{G[S]) > 2 and 
n2{G[S]) = 0. 

must exist in the condensed network, due to the existence 
of two disjoint paths Psi.di and Ps2.d2- The dashed lines 
correspond to edges that may or may not exist. To each of the 
nodes Vi, i = 1, ...,m in the intermediate layer, we associate 
a variable Xi which will be the scaling factor used by node Vi. 
Our task is to show that the end-to-end transfer matrix, given 
by 



T 



h{vi,di) 
h{vi,d2) 

xi • ■ 
0x2-- 





Ti.i 
T2.1 



h{v2,di) ■■■ h{Vrr„di) 
h{v2,d2) ■■■ h{vm,d2)_ 
1 [h{si,vi) h{s2,vi)' 

h{si,V2) h{s2,V2) 



Tl,2 
T2,2 



(8) 



where Tj^k — X^I^Li h{sj,Vi)h{vi,dk)xi, can be made diago- 
nal with non-zero diagonal entries by an appropriate choice of 
Xi, ...,Xm- Since, in this case, n2{G[S]) = 0, there is no path 
from si to d2, and therefore we must have h{si,Vi)h{vi, ^2) = 
for i = 1, m and T2^i is always 0. From the use of Lemma 
2, we know that for two nodes Va, Vf, £ 1-{Vp) C V^yi^^i with 
associated variables Xa and x^, we must have two disjoint 
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paths Psi.va ^nd Ps2,vb- From Lemma 3, we know that there 
is a node Vc G 1-{vp) C V£(i,i)_i, such that S2 ^ Vc and 
c 7^ m. We now claim that if the matrices 



Ml 

M2 



h{s2, Va)h{Va,di) h{s2, Vb)h{vb, di 
h(s2, Vc)h(Vc, di) h{s2,Vm) 'h{Vm;di) 
h{s2, Vc)h{Vc, d2) h{s2,Vm)h{Vm,d2) 



and 



are both full-rank, then we can choose xi, ...^Xm so that T 
is diagonal with non-zero diagonal entries. To see this, we 
first consider x' = [x'^ ... xJ^J, where x'j = for j ^ a,b, 
and [x'^ x'l^]'^ = M^^[l 0]"^. This choice of scaling factors 
guarantees that Ti i = 1 and T1.2 = 0. If ^2,2 7^ we are 
done. Otherwise, if T2.2 ~ 0, we let x" = [x'l ... a;"J, where 
x'^ = for j ^c,m and [x'^ x'^^ = M:^^[Q 1]^. This choice 
guarantees that Ti 2 = and T2,2 — 1. If we have Ti i ^ 0, 
we are done. Otherwise, we set x'" = x' + x". By linearity, 
this choice will guarantee that T is the identity matrix. 

Next we show that, with probability 1, Mi and M2 (which 
are just functions of the channel gains in the original network) 
are full-rank. First we consider the transfer matrix between 
(si,S2) and {va,Vb), given by 



Zi 



h{si,Va) 

h{si,Vb) 



h{s2,Va) 

h{s2,Vb) 



The determinant of Zi can be seen as a polynomial where 
the variables are the channel gains from the original 
network. All we need to show is that this polynomial is not 
identically zero. Then, since the he's are drawn independently 
from continuous distributions, det Zi will be non-zero with 
probability 1. To see that this polynomial is not identically 
zero we notice that the existence of two disjoint paths -Psi,u„ 
and Ps2.vb guarantees that, if we set /ig = 1 if e connects two 
consecutive vertices of Psi,va or Ps2,vb ™d ^ otherwise, 
Zi will be the identity matrix. Therefore, Zi will be invertible, 
and thus det Zi cannot be identically zero. Now, we notice that 



det Ml 



h{si,Va)h{va, di) h{si,Vb)h{vb, di) 

h{s2, Va)h{Va, di) h{s2,Vb)h{vb, di) 

h{va,di)h{vb,di) ' ^) ' 

h[S2,Vaj h[S2,Vbj 

h{va,di)h{vb, di) det Zi. 



Since Va ^ di and Vb di, we have that h{va,di)h{vb,di) 
is also a non-identic ally zero polynomial in the /ig's, and 
therefore Mi is invertible with probability 1. To show that 
M2 is invertible with probability 1, we will follow very similar 
steps. We notice that the transfer matrix between {vc, v„i) and 
(fii,d2) is given by 



Z2 



Since Vc £ ^{Vp) 



h{vc,di) h{vm,di) 
h{vc,d2) h{v,n,d2)_ 



and vl e Ps.Mi 



we clearly have two 



disjoint paths Pv.m^ = {vc,v^)(B Ps^m^ 

2]. This implies that det Z2 is non-identically zero. 



Ps2.d2 i^m: d 



[vp,di] and 



and therefore non-zero with probability 1 . Then, we notice that 

det M2 = 

= Hs2,Vc)h{s2,Vjn) 



h{s2, Vc)h{Vc, di) h{.S2,Vm)h{Vm,di) 
h{s2, Vc)h{Vc, ^2) h{.S2,V„i)h{Vrn,d2) 
h(Vc,di) h{Vra,di) 
h{Vc,d2) h{Vm,d2) 

h{s2,Vc)h{s2, Vm) det Z2, 



and, since $2 ^ Vc, S2 v^, we have that h{s2, Vc)h{s2, Vm) 
is a non-identically zero polynomial in the h^s and therefore 
so is det M2. This proves that M2 is full-rank with probability 
1, and thus we conclude the proof when ni{G[S]) > 2, 
n2{G[S]) = 0. The case where ni{G[S]) = 0, n2(G[S']) > 2 
follows in the exact same way. 

Next, we consider the cases in which ni{G[S]) > 2 and 
n2{G[S]) > 2. We will use Vi(^y2-j_i and Vi(yi^^i as our 
key layers. We can assume WLOG that i{Vp) < i{Vp). We 
consider the case where i{vp) < £{vp) and the case where 
£{vp) = £{vp) separately. 

2) ni{G[S]) > 2, n2{G[S]) > 2 and i{vl) < i{vl): We let 



and n — |V^(^,2 



Our condensed network 



will be of the form shown in Figure 9a. Once again, the solid 




"1 



U'2 . 



U3 y 
< - 



(a) 



(b) 



Fig. 9. (a) Illustration of the condensed network in the case where 
ni{G[S]) > 2, n2{G[S]) > 2 and e{vj) < (b) Illustration of the 

connectivity between layers V^(„2)_x and V^(„2) in the original network. 



lines correspond to edges that must exist in the condensed 
network, due to the existence of two disjoint paths Psi,di and 
Ps2,d2' and the dashed lines correspond to edges that may or 
may not exist. We name the nodes in Vgi^yi-^^i, vi,V2, ...jVm 
and the nodes in V£(„2-|_]^, ui, U2, Un. Moreover, to each of 
the nodes Vi, i = 1, ...,m, we associate a variable Xi which 
will be the scaling factor used by node Vi, and to each of the 
nodes u^, i = 1, n we associate a variable yi which will be 
the scaling factor used by node Ui. 

We will again show that, with probability 1, there is a choice 
of xi, Xm and j/i, i/„ such that the effective end-to-end 
transfer matrix is diagonal with non-zero diagonal entries. This 
time, however, we will proceed in two steps. First we will show 
that, with probability 1, we can choose yi, ...,yn such that, for 
some Va, Vb G 1-{Vp), the transfer matrix between (si, S2) and 
{va,Vb) is invertible and the transfer matrix between (si,S2) 
and v,n is of the form [0 /3] for /3 7^ 0. Then, by "supressing" 
the key layer y£(^2)_i, we will essentially be in the case we 
described in V-Al, and thus we can choose Xi, ...,Xm so that 
the end-to-end transfer matrix is as desired. 
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In order to describe how we choose yi, /;„ we must first 
consider the connectivity between the nodes in V^(j,2)_i and 
its consecutive layer, y£(„2), in the original network. This layer 
transition can be depicted as in Figure 9b. We will now show 
that, with probability 1, it is possible to choose yi,...,yn all 
non-zero, such that the transfer matrix F between (si, S2) and 
Vp is of the form [0 a] for a ^ 0. We first notice that F is 
given by 

E"=i h{si,U'i)h^ui,vi)yi E"=i Hs2,Ui)\ui,vi)yi 

From Lemma 3, we know that there are at least two 
nodes Uc,Ud & I{vp) such that si Uc and si ^ Ud- 
This impUes that h{si,Uc)h(^ua,v^) and /i(si, Wd)ft.(„^_t,2), if 
viewed as polynomials on the channel gains, are not iden- 
tically zero. Thus, with probability 1, they will be non- 
zero, and Wi)/i(Mi,„2)yi will have non-zero co- 
efficients in front of j/c and yd- This means that we can 
choose y' = {y[,...,y'J, with y{,...,y'^ all non-zero, so 
that Fi = T,7=iKsi,Ui)h(^u,,vi)y'i = 0. If we have F2 = 
J2^=i^i^2,Ui)h^ui,v^)yi 0' then we are done. Otherwise, 
if F2 = 0, we proceed as follows. From Lemma 2, we know 
that we can choose Ua,Ub £ I{vp) C Ve^y2^_i so that we have 
two disjoint paths Ps^Ma and Aa.wb- Therefore, the transfer 
matrix between (si,S2) and {ua,ui,), given by 

h{Si,Ua) h{Si,Ub) 
[h{S2,Ua) h{S2,Ub)\ ' 

is fuU-rank with probabiUty 1. This also implies that the matrix 

/l(si, Wa)/l(„„,„2) /l(si, U6)/l(„,^^2) 
h{S2, Ua)h^ua,v^) KS2, Ub)hl^ui,vl) 

is full-rank with probability 1, because we have detM = 

ft(«a.t)2)ft.(„^^„2) det ii', and, since Ua,ui, G 2^(wp), we have 
that h(^ua,v^)f^(ui,.v^) is non-zero with probability 1. The matrix 
M allows us to build y" = (y", j/") by setting y'/ = 0, for 
i ^ a,b, and [y" ?/t,']"^ = M"^[0 1]"^. This choice guarantees 
that F = [0 1] as desired, but we do not have y", y'^ all non- 
zero. However, it is easy to see that if we set y'" = y" + ay', 
for some a 7^ 0, we will have y'i,...,y'^' all non-zero and 
F = [0 a]. 

We conclude that we can choose yi,...,yn all non-zero and 
have F = [0 a] with a ^ 0. Moreover, since there exists a 
path from Vp to Vm, and there exists no path from si to I'm 
which does not contain Vp, we conclude that, with probability 
1 , our choice of yi , . . . , will make the transfer matrix from 
(si, S2) to Vm be of the form [0 (3] for /3 7^ 0. 

Next, we would like to prove that, with this choice of 
yi,...,ym, there exist nodes Va,Vb € I{vp), such that the 
transfer matrix between (31,82) and {va,Vb) is full-rank. 
First, we notice that, from Lemma 2, there exist two nodes 
Ve,Vf G 1-{Vp), such that we have two disjoint paths Psi,v^ 



M 



and j = 1, ...,n, we notice that our choice of yi, ...,y„ only 
depends on H. Therefore, we assume that all the channel gains 
in H are drawn according to their distributions, and are from 
now on viewed as constants. Then, we can also fix yi, ...,y„, 
following the steps described previously, and view them as 
constants. 

First, we assume that neither Psi,v^ nor Ps2,vf contain Vp. 
In this case we will show that we can set Va = Ve and 
Vb = Vf. The determinant of the transfer matrix between 
(si,S2) and {ve,Vf) can be seen as a polynomial where the 
variables are the channel gains which are not in H. Notice 
that all the channel gains not in H are still independent (since 
the choice of yi,...,ym was made independent of them) and 
have a continuous distribution. Thus, we will show that, with 
probability 1 over the choice of the channel gains in H, there 
exists a choice of the channel gains which are not in H, 
such that the transfer matrix between (si,S2) and {ve,Vf) is 
invertible. Therefore, the determinant of the transfer matrix 
between (31,82) and (ve,Vf) is not identically zero, and will 
be non-zero with probabihty 1 over the choice of the channel 
gains not in H. 

Since Pg^.v^ and Ps2,vf are disjoint, there are distinct nodes 
Ue and Uf in V£(y2-j_i, such that w,,. G Psi.v^ and uj G Psi,vf 
For any h,, ^ H, we will set h,, = 1 if e connects two 
consecutive vertices of Psi,«e or Ps2,vf and /le = otherwise. 
Therefore, the transfer matrix between {up,Uf) and (ve,Vf) 
is the identity matrix. Thus, we have that the transfer matrix 
between (si,S2) and {ve,Vf) is given by 



"1 


0" 




Ve 


0' 







1 







yf. 





h(Si,Ue) h(s2,Ue) 

h{si,Uf) h(s2,Uf) 



(9) 



The existence of disjoint paths Psi,v^ and Ps2.vf implies 



the existence of disjoint paths P^^, 



[si,Ue] and 



S2,UJ 



S2,Vf 



and Ps2,vf However, we cannot proceed as before to conclude setting g = e and h 



[s2, Uf]. Therefore, with probabiUty 1 over the 
choice of the channel gains in H (since they were drawn in- 
dependently first, according to their continuous distributions), 

h(8i,Ue) h(s2,Ue) 
_h(8i,Uf) h(s2,Uf)_ 

is full-rank. Therefore, since we chose y^ and yj to be non- 
zero, the transfer matrix in (9) must be full-rank, which implies 
that the transfer matrix between (si,S2) and (ve,Vf) is full- 
rank with probabiUty 1 if yi,...,y„ are chosen as described 
above. 

Now, we consider the situations in which either Pgi^v^ or 
Ps2,vf contains Vp. We will show that, in any case, for some 
Vg,Vh G I{vp), we can find either 

i. two other disjoint paths Psi,vg and Ps2,vh not containing 
Vp, or 

ii. two disjoint paths Psi,vg and Pv^,vh- 
If we suppose G Ps2.vf, then we are clearly in case ii, by 



that the transfer matrix between (81,82) and (ve,Vf) is fuU- 
rank with probability 1, because our variables yi,...,ym were 
not chosen independently from the channel gains. Nonetheless, 
if we let H be the set of all /i(„^^„2) for j = l,...,n and 

aU the channel gains that appear in h(8i,Uj), for i = 1,2 



/, and setting P^2^^^ = Pe2,vf[vl,Vf]. 



Thus, we suppose that Vp G Psi,v^- If we let w/ be the node 
from Ps2.vf in the layer containing v^, we have two disjoint 
paths P,^^^2 = Ps^vA^W^l] and P^,,^^ = Ps2,vj[s2,Wf]. 
We also let wi be the node from Psi.di in Vi(vl)- Then 



we let vi be the last common node between P^ 



S2,Wf 



and 
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have disjoint paths Psi 



J and P 



have a path Ps^.^^ = Psuwf 
\vl,v, 



(Figure 10a), we must 
aiiu ± S2,v^- This implies that we 
Ps2,vf[wf,Vf] and a path 
which are disjoint, and we are in case 
ii. Note that this case also includes w/ = wi- If, instead, 
vi € Ps2,d2 (Figure 10b), we must have disjoint paths Psi.wi 
and Ps2,wf We also clearly have two disjoint paths Py^ ^^ = 




(a) vi e Psi,di 



32 I 




Wf 



(b) Vi e Paudi 



Fig. 10. Illustration of the two possible cases for vi (the last common node 
between Ps2,uf and Psi,di U Ps2,d2)- 



disjoint paths Psi,vg and P^2 „^, and if we choose yi,...,?/„ 
as described previously, then, for some Vg^Vh € ^{Vp), the 
transfer matrix between (si,S2) and {vg,Vfi) will be full- 
rank with probability 1 over the choice of the channel gains 
not in H. We will look at the determinant of the transfer 
matrix between (si,S2) and {vg,Vh) as a polynomial on the 
channel gains not in H, since the channel gains in H and 
the scaling factors i/i , . . . , y„ have akeady been fixed. Then 
we can show that this determinant is not identically zero by 
showing that for a specific choice of the channel gains not in 
H, the transfer matrix between (si,S2) and {vg,Vh) is full- 
rank. For any he not in H, we will choose /ig = 1 if e is 
connecting two consecutive vertices of Ps^.v or P^,2 , and 
he = otherwise. This means that the transfer matrix between 
{ug,Vp) and {vg,Vh) is the identity matrix. Then, if we let Ug 
be the node from Psi,Vg in layer V((y2^_i, the transfer matrix 
between (si,S2) and {vg,Vh) is given by 



Vg 




h{si,Ug) h{s2,Ug) 
Yh=i Hsi,Ui)hu^^v2^yi X^Li Ms2,Ui)hu^,y2y, 

ygh{si,Ug) ygh{s2,Ug) 
a 



(10) 



,t)c [^pi ^e] and Pwf.vf — Ps2,vf [wf, Vf]. Thus, we let be 
the first common node between Psi.di and P„2 U P^,^. 
If Vr G Pwf,vj (Figure 11a), then we have two disjoint paths 
Pst,vf = Psudi [si,Vr]®Pwf,vf [vr, V f] and Pi,2,t,^. Therefore, 
we are in case ii. If Vr G Py^.v^ (Figure lib), then we have 
two disjoint paths Pwi,v^ — Psi.di [wi^Vj]® P^^ br, ^^e] and 
Pwf,vf Therefore, we can build two disjoint paths P,'^ 

Psi.wi ® Pw-i,Vt 



and P'.^^y^ 



P 



S2,Wf 



'Pwf,vf not containing 
and we are in case i. Finally, if Vr does not exist, we 
clearly have the disjoint paths Psj^^Jsi,wi] and Py2 y^, and, 
since vi £ 1-{Vp), we are in case ii. 




(b) Vi e Pai.di 

Fig. 11. Illustration of the two possible cases for Vr (the first common node 
between Psi,di and -P„2 „^ P-wf,vf 

Since case i was already taken care of, we only need 
to consider case ii. We will show that, if we have two 



where we used the fact that our choice of j/i , . . . , ?/„ guarantees 
that the transfer matrix between (§1,52) and v'^ is [0 a] for 
some a 7^ 0. Now, since there exists a path from si to Ug, 



h{si 



is non-zero with probability 1 over the choice of 



the channel gains in H. Therefore, since yg was chosen to be 
non-zero, the transfer matrix in (10) is upper-triangular (with 
non-zero diagonal entries) and thus full-rank. 

Therefore we proved that we can find Va,vi, e ^{Vp) 
so that the transfer matrix between (si,S2) and (wajWb) is 
full-rank with probability 1, after the choice of the scaling 
factors yi,...,yra- Next, we consider supressing the layer 
Vi(y2-^_i from the condensed network by incorporating our 

choice of t/i,...,y„ into the terms h{si,Vj) for i = 1,2 and 
j = l,...,m. We will show that the resulting condensed 
network is equivalent to the one considered in V-Al. As in 
V-Al, the end-to-end transfer matrix can now be written as 



1 Hsi,Vi)h{vi, di)xi Yh=i Ks2, Vi)h{vi, di)xi 
Hsi,Vi)h{vi,d2)xi Ya=i h{s2,Vi)h{vi,d2)xi 



(11) 



As we noted before, the transfer matrix between (si,S2) 
and Vm is of the form [0 [3] for some /3 ^ 0. This 
implies that h{si,v„i) — and h{s2,v,n) = (3^0- 
Moreover, since Vp disconnects ^2 from si, we conclude 
that h{si,Vi)h{vi,d2) = for i = 2, ...,m. Otherwise, this 
would either imply the existence of a path between si and 
d2 not containing Vp or contradict the fact that the transfer 
matrix between (si,S2) and Vp is of the form [0 a]. Thus, 
we conclude that X^i^li ^(■^i; '^2)2;^ = 0. As shown 

in V-Al, if we can find Va,Vb and Vc, c ^ m, such that the 
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matrices 

Ml = 



h{si,Va)h{va,di) h{si,Vb)h{vb,di 

^(S2, Va)h{Va,di) h{s2, Vb)h{vb, di 

h{s2, Vc)h{Vc, di) h{s2,Vm)h{v7n,di) 

h{s2, Vc)h{Vc, d2) h{s2,Vm) 'h{Vm,d2)^ 



and 



are both full-rank, then it is possible to choose xi, ■■■,Xm so 
that the end-to-end transfer matrix in (11) is diagonal with 
non-zero diagonal entries. We will choose Va and Vb to be the 
two nodes in T{Vp) for which the transfer matrix from (si, S2) 

to {Va,Vb) 

h{si,Va) h{s2,Va) 
Jl{si,Vb) h{s2,Vb)_ 

is full-rank with probability 1. Then, we will notice that 



det Ml = 



h{si,Va)h{va, di) h{si,Vb)h{vb, di) 
h{s2,Va)h{va, di) h{s2, Vb)h{vb, di) 

h{si,Va) Hsi,Vb) 
h{s2,Va) h{s2,Vb) 



h{va,di)h{vb,di) 



Since Va,Vb € ^{Vp), we have that Va ^ di and Vb di, and 
h{va,di)h{vb,di) is non-zero with probability 1. Therefore, 
Ml is invertible with probability 1. 

As we did in V-Al, we use Lemma 3 to guarantee that 
we can choose Vc G ^{Vp) such that S2 ^ Vc and c ^ m. 
Then, we notice that the transfer matrix between {vc, Wm) and 
{di,d2) is given by 



h{vc,di) h{v„^,di) 
h{Vc,d2) h{v„r,d2)_ 



(12) 



Since Vc G 2^(Wp) and Vp g ^'si.di^ we clearly have two disjoint 
paths Pva,di and Pvm,d2 - This implies that the transfer matrix 
in (12) is invertible with probability 1. Then, we notice that 



detMa 



h{s2, Vc)h{Vc, di) h(s2,Vm)h{Vm, di) 
h{s2, Vc)h{Vc, d2) h{s2,Vrn)HVm, ^2) 

h{vc,di) h{vm,di) 
h{Vc,d2) h{vm,d2) 



h{s2,Vc)his2,v„i) 



As we noticed before, our choice of yi, y„ guarantees that 
h{s2, Vm) — f3 ^ 0- Since S2 ^ Vc, there must be at least one 
path Ps2.va- If Ps2.va does not contain Vp, then the fact that 
we chose yi, ?/,,„ to be non-zero guarantees that h{s2, v^) is 
non-zero with probability 1. If Pg^.va contains Vp, then the fact 
that the transfer matrix between (si,S2) and Vp is [0 a] for 
a guarantees that h{s2, Vc) is non-zero with probability 1. 
Either way, we conclude that A/2 is invertible with probability 
1. This concludes the proof when ni{G[S]) > 2, n2{G[S]) > 
2 and £{vl) > £{vl). 

Next, we consider the situations in which £{Vp) = £{Vp). 
In this case, our condensed network will only contain three 
layers, Vi, V£(^,i)_i = V£(„2)_i and Vr- We will use two 
different approaches, depending on the size of y£(i,i)_i. 




Fig. 12. Illustration of the condensed network for the case where 
ni{G[S]) > 2, n2{G[S]) > 2, e{v^) = i{vl) and = 2. 



3) ni{G[S]) > 2, n2iG[S]) > 2, ^(t-^) = and 
|V£(„i)_i| — 2: Our condensed network should look like the 
network in Figure 12. The nodes in yg(„i)_i are named accord- 
ing to Figure 12. We notice that all the edges in the condensed 
network must in fact exist. This can be justified as follows. 
Lemma 2 guarantees that > 2 and > 2. Thus 

we must have I{Vp) = I{Vp) = {vi,V2}, which justifies the 
existence of edges {vi,dj) for i G {1,2} and j E {1,2}. 
Moreover, from Lemma 3, we have that there must be two 
distinct nodes Va, Vb in I{vp) such that S2 ^ Va and S2 w;,. 
This justifies the existence of {s2,vi) and {s2,V2)- Similarly, 
we can apply Lemma 3 to Vp to justify the existence of (si, 112) 
and (si, TJi). 

The edge structure of the condensed network guarantees 
that, with probability 1, the transfer matrix between (si,S2) 
and {vi,V2) and the transfer matrix between {vi,V2) and 
(^1,(^2), given respectively by 



h{si,vi) 

h{si,V2) 



h{s2,vi) 

h{s2,V2) 



and 



h{vi,di) h{v2,di) 
h{vi,d2) h{v2,d2)_ 



have only non-zero entries. Furthermore, from our previous 
discussions, we know that the existence of disjoint paths 
Psi,vi = Psi,di[si,wi] and Ps2,v2 = Ps2,d2[s2,V2] guarantees 
that the transfer matrix between (si,S2) and {vi,V2) is full- 
rank with probability 1. Similarly, the existence of disjoint 
paths Pvi,di and Pv2.d2 guarantees that the transfer matrix 
between (fi,t;2) and (^1,^2) is full-rank with probability 
1. Therefore, we essentially have the 2x2x2 interference 
channel described in [30]. The only difference is that additive 
noises at f 1 , U2 , di and ^2 are not independent and Gaussian. 
However, they still have a variance which does not depend on 
the power P (only on the channel gains), and thus the same 
scheme described in [30] will achieve — 2. 

4) ni{G[S]) > 2, 7i2(G[5]) > 2, l{vl) = £{vl) and 
> 3.- In this case, our condensed network is shown 
in Figure 13. Once again we let vi,...,Vm be the nodes in 




Fig. 13. Illustration of the condensed network for the case where 
ni(G[5]) > 2, n2(G[5]) > 2, i(vl) = l>(vl) and IV^^f^M^il > 3. 
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Vi(yi)^i — Vi(y2)_i, and to each of the nodes Vi, i — I, m, 
we associate a variable Xi which will be the scaling factor used 
by node u^. We will show that the end-to-end transfer matrix, 
given by 



S™i Hsi,Vi)h{vi,di)xi 
h{si,Vi)h{v^,d2)xi 



YT=i h{s2,Vi)h{v^,d2)xi 



(13) 

can be made diagonal with non-zero diagonal entries by an 
appropriate choice of xi, ...,x,„. First, we notice that we can 
assume that, in the original network, any layer Vi for i > i{Vp) 
only contains two nodes. This is because any node in such 
layer Vi which is not in Psi.di nor Ps2.d2 can be removed 
since it may not contribute to ni{G[S]) nor n2{G[S]) (or that 
would contradict the fact that Vp disconnects di from S2 and 
Vp disconnects ^2 from si). Therefore, the edge configuration 
between V^(i,i)_i and {di, ^2} in the condensed network is the 
same as the edge configuration between V£(^i)„i and Vf(„i) in 

the original network. It is then easy to see that each h{vi, dj), 
for i — 1, m and j — 1,2, when seen as a polynomial in 
the channel gains, is composed of a single product of variables 
he, one of which is not shared by any other h. 

Next we claim that if we can find two sets of nodes 
{va,Vb,Vc} C and {vd,Ve,Vf} C Vi(yi)^i, such that 

the matrices 



h{si,vi,)h{vt,,di) 
h{s2,Vb)h{vb,di) 
h{si,Vb)hivb,d2) 



and 



h{si,Va)h{Va,di) 
Ml = h{s2,Va)h{Va,di) 
h{si,Va)h{Va,d2) 

h{si,Vc)h{vc,di) 
h{s2,Vc)h{vc,di) 
h{si,Vb)h{vb,d2) 

HS2, Vd)h{vd, ^2) MS2, Ve)h{Ve, ^2) 
M9 = h{si,Vd)h{vd,d2) h{si,Ve)h{Ve,d2) 
HS2, Vd)h{vd, di) h{s2, Ve)h{Ve, di) 

h{s2,Vf)h{vf,d2) 
h{si,Vf)h{vf,d2) 
h{s2,Vf)h{vf,di) 

are full-rank, then we can choose xi,...,Xr,_ 
transfer matrix in (13) is diagonal with non-zero diagonal 
entries. To see this, suppose Mi and M2 are full-rank. Then 
we can set x' = [x[ ... a;^], where x'^ = for j ^ a, b, c, and 

\x^ Xi, X-.] 



such that the 



o-cj — ^[10 0]-^ . This guarantees that the transfer 
matrix in (13) is of the form 



If 7 7^ 0, we achieve our goal with x'. If 7 = 0, we set x" 
[x'l ... x'^], where Xj = for j ^ d, e, /, and [x^ x'^ x'^Y 
A/2^^[l 0]"'". This guarantees that the transfer matrix in (13) 
is of the form 



If (5 7^ 0, we achieve our goal with x". If (5 = 0, then we let 
x'" = x' + x", and the transfer matrix in (13) becomes the 
identity matrix. 



Next, we show that we can either find {wo,?^b,^'c} and 
{wd, We, w/} as described above, or we can remove nodes from 
V£(i;i)-i so that we have a 2 x 2 x 2 interference channel (case 
V-A3). We start by applying Lemma 2 to u^. Then we can find 
Ua,Ub G 2^(i'p) so that there are two disjoint paths Psi.u^ and 
Ps2,ub - Then, from Lemma 3 applied to v^, we know that there 
exist nodes u^^Ud G 1-{Vp) such that si ^ and si ^ Ud. 
Suppose {ua,Ub} 7^ {uc,Urf}. Then we can assume WLOG 
that Uc 7^ Ua,Ub. We choose {wQ,Wb,Wc} = {ua,Ub,Uc\ and 
we have 



detMi = 

h{si,Ua)h{Ua, dl) 
h{s2, Ua)h{Ua, dl) 
h{Si,Ua)h{Ua, d2) 

= h{si,Uc)h{uc,di) 
— h{s2, Uc)h{uc, dl) 
+ h{si,Uc)h{uc, ^2) 



h{si,Ub)h{ub, dl) 
h{s2,Uh)h{ut,di) 
h{si,Ub)h{ut,d2) 

h{s2,Ua)h{Ua,dl) 
h{Si,Ua)h{Ua,d2) 

h{si,Ua)h{Ua, dl) 
h{Si,Ua)h{Ua, ^2) 

h{si,Ua)h(Ua, dl) 
h{s2, Ua)h{Ua, dl) 



h{si,Uc)h{uc, dl 
h{s2, Uc)h{uc, dl 
h{si,Uc)h{uc,d2 

h{s2,ut)h{ut,di) 
h{si,ut)h{ut,d2) 

h{si,Ub)h{ub, dl) 
h{si,Ub)h{ub, d2) 

h{si,Ub)h{ub, dl) 
h{s2, Ub)h{ub, dl) 



The third term in the expansion above can be written as 



h{si , Uc)h{uc, d2)h{ua, di)h(ub, di) 



h{si,Ua) h{si,Ub) 

h{S2,Ua) h{S2,Ub) 



which is a non-identically zero polynomial since si Uc, 
Uc € I{vp), Ua,Ub e ^{i^j}), and there are two disjoint paths 
Psi,ua. and Ps2,ub - Moreover, as we noticed before, one of the 
variables in h{uc, ^2) is not shared by any other effective chan- 
nel gain h, and therefore, the term above cannot be canceled 
by the other terms. This allows us to conclude that Mi is full- 
rank with probability 1. Now, suppose {ua,Ub} = {uc,Ud}. 
This means that the original network must contain the network 
shown in Figure 14. The curvy lines are used to represent 
paths. At this point, if S2 Ua, then we can remove the 




Fig. 14. Illustration of a subnetwork contained by the network from V-A4, 
in the case where {ua,Ub} = {uc,Ud} 



nodes in yf(i,i)_i \ {ua, Ub}, and we are in the case of V-A3. 

If S2 7^ Ua, then h{s2, Ua) ~ 0, and by applying Lemma 3 to 
Vp, we must have at least one node u'^ £ ^{Vp) \ {ua,Ub}, 
such that S2 ^ u'^ (since Ub is the other one). Then we 

choose {va,Vb,Vc} = {ua,Ub,u'e}. If h{si,u'e)h{u'e,d2) is 
not identically zero, then the same proof shown above with u'^ 
instead of u^. will show that Mi is full-rank with probability 1 . 
If we assume that ft,(si, ^2) is identically zero, then 
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we have 

det Ml = 

h{si,Ua)h{ua,di) h{si,Ub)h{ub,di) h{si,u'c)h{u'c, di) 

h{s2,Ub)h{ub,di) h{s2,u'^)h{u'^,di) 

h{si,Ua)h{Ua,d2) h{si , Ub)h{ub , d2) 

= ~h{si,u'c)h{u'c, di)h{s2, Ub)h{ub, di)h{si,Ua)h{ua, (^2) 
+ h{s2,u'c:)h{u'c, di)h{si,Ub)h{ub, dl)h{s\,Ua)h{Ua,d2) 
— h{s2,u'^)h{u'^, di)h{si,Ua)h{ua,di)h{si,Ub)h{ub, d2). 

The last term is non-identic ally zero since §2 u'^, 
u'^ G I{vl), si ^ Ua, Ua £ 2:(fp), Si ^ "6 and Uh G I{vl). 
Moreover, as we noticed before, one of the variables in 
h{ua,di) is not shared by any other effective channel gain 
h, and therefore the last term above cannot be cancelled by 
the other two terms. Thus, we conclude that AIi is invertible 
with probability 1. 

From the symmetry between Mi and M2 (they simply have 
(si, di) and (s2, ^2) exchanged), the exact same steps can be 
used to show that either we can find the nodes {vd, Ve,Vf} C 
V(i(i,i)_i such that A/2 is full-rank with probability 1, or we 
can remove nodes from V£(,ji)_i so that we are in the case of 
V-A3. This concludes the achievability proof of De = 2 in 
the cases where we have two disjoint paths with manageable 
interference. 

Next, we proceed to providing the achievability scheme for 
(B'), in which case we have a subnetwork with no two disjoint 
paths, and no node v as described in (A). 

B. The butterfly and the grail 

We start by inferring important properties of the structure of 
the network, if it does not fall into case (A). We will show that 
such a network must contain one of the subnetworks in Figure 
4. The subnetwork in Figure 4a simply contains two disjoint 
paths Psi,di and Ps2,d2- Next, we formally characterize the 
other two. 

Definition 11. The network Af is a Butterfly network if it 
contains two nodes uq and ui connected by a path Puq.ui (if 
uq = ui, then we assume the path consists of a single node), 
two disjoint paths Psi,d2 ont/ Ps2,di which do not contain any 
node from Puq.ui, ond two paths Psi,di and Ps2,d2 si^ch that 
Psi,di n Ps2,d2 = Puo,ui- An example is shown in Figure 15. 




Fig. 15. Illustration of a network tliat contains a Butterfly subnetwork. 

Definition 12. The network Af is a Grail network if it contains 
two disjoint paths Psi,d2 ^^^d Ps2,di ond nodes Wa G Psi,d2 
and Wb G Ps2,di such that S2 ^ Wa, Wa ^ Wb, and Wb ^ ^2- 
An example is shown in Figure 16. 




Fig. 16. Illustration of a network tliat contains a Grail subnetwork. 

Then we can state the following Claim. 

Claim 1. The absence of a node v whose removal disconnects 
di from both sources and sj from both destinations, for i = 1 
or i = 2, implies that Af must contain (i) two disjoint paths 
Psi,di ond Ps2,d2> '2 butterfly subnetwork, or (iii) a grail 
subnetwork. 

Sketch of proof: We start by building an extended network 
Af', by transforming each layer of our original network into 
two copies of itself, and connecting each node to its copy. 
Then we notice that the absence of a node v whose removal 
disconnects di from both sources and sj from both destinations 
in the original network, for i = 1 01 i — 2, implies the absence 
of an edge e whose removal disconnects di from both sources 
and Si from both destinations, i = 1 or i = 2, in the extended 
network. Therefore, the result obtained in [27, 28] guarantees 
that Af' either contains two edge-disjoint paths, a butterfly or a 
grail. Since any two edge-disjoint paths in Af' are also vertex- 
disjoint, we conclude that our original network must contain 
two vertex-disjoint paths, a butterfly or a grail. A more detailed 
proof can be found in Appendix C. 

Next, we assume that all nodes that do not belong to the 
subnetwork satisfying the conditions in {B') are removed. 
Since the resulting network does not contain two disjoint paths, 
but does not fall in case (A), we conclude from Claim 1 that 
we may either have a butterfly network or a grail network. We 
provide achievability schemes for each case separately. 

1 ) Butterfly network: We assume we have a subnetwork as 
described in Definition 11 and that any node which does not 
belong to Ps^Mi, Ps2,d2, PstM or Ps24i is removed from the 
network. Moreover, we will assume that, if there are several 
choices for uq and ui, we choose them so that Ui is as close 
as possible to the destinations (i.e., we maximize 

Similar to what we did in the case of two disjoint paths 
with manageable interference, we will identify a key layer 
and build a condensed network. Then we will show that by 
using amplify-and-forward in the nodes in the intermediate key 
layer, we can make the end-to-end transfer matrix diagonal 
with non-zero diagonal entries. As our key layer, we will use 
V£(„j). Notice that we are guaranteed to have three nodes in 
y^(„j) (since any extra node would have been removed). The 
condensed network is shown in Figure 17. 

We let the three nodes in Vf(„j) be called vi,V2 and W3 as 
shown in Figure 17 (notice that V2 — ui), and associate scaling 
factors xi, X2 and 2:3 to them. We will follow the same steps 
that we used in V-A4, except that now our intermediate layer 
has exactly three nodes. Thus, we will show that either we 
can remove one of the nodes in ^^(uj) so that the resulting 
condensed network falls in case V-A3 (i.e., a 2 x 2 x 2 
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Fig. 17. Illustration of tlie condensed network of a Butterfly network. 



interference channel), or the matrices 

h(si,vi)h{vi,di) h{si,V2)h{v2,di) 
Af 1 = h{s2,vi)h{vi,di) h{s2,V2)h{v2,di) 
h{si,vi)h{vi,d2) h{si,V2)h{v2,d2) 
h{si,V3)h{v3,di) 
h{s2,V3)h{v3,di) and 

h{si,V3)h{v3,d2) . 
h{s2, Vi)h{vi,d2) h{s2,V2)h{v2,d2) 

Ah = h{si,vi)h{vi,d2) h{si,V2)h{v2,d2) 
h{s2, vi)h{vi,di) h{s2,V2)h{v2,di) 

his2,V3)h{v3,d2) 

h{si,V3)h{v3,d2) 

h{s2,V3)h{v3,di) 

are full-rank with probability 1. In the latter case, the same 
steps as in V-A4 guarantee that we can find xi,X2;X3 such 
that the end-to-end transfer matrix is diagonal with non-zero 
diagonal entries. An important property about the Butterfly 
structure is that for any two nodes Va,vi, e Vgi^ui), there 
exists two disjoint paths between {si,S2} and {va,Vb} and 
two disjoint paths between {va,Vb} and {(ii,c?2}- Therefore, 
we see that if h{s2,vi)h{vi,di) is a non-identically zero 
polynomial in the channel gains, we can remove V3 and we 
are in V-A3. Similarly if h{si,V3)h{v3,d2) is non-identically 
zero, we can remove vi and we are in V-A3. Therefore, we 
may assume that either h{si,V3) or h{v3,d2) is zero, and 
either h{s2,vi) or h{vi,di) is zero. To show that A/i is 
full-rank with probability 1, we first consider the case when 
h{v3,d2) = 0. We notice that the fact that h{v3,d2) — and 
our assumption that ui was chosen as close as possible to 
the destinations guarantee that there is no path starting on a 
node in Pv3,di U Pv2,di \ {^^2} and ending in d2- Thus, we see 
that the first channel gain in the Py^.di path only appears as 
a variable in h{v2,di), and no other h. Then we notice that 



det Ml = 

h{si,vi)h{vi,di) h(si,V2)h{v2,di) h{si,V3)h{v3, di) 
h{s2,V2)h{v2,di) h{s2,V3)h{v3,di) 

h{si,vi)h{vi,d2) h{si,V2)h{v2,d2) 
= ~h{si,vi)h{vi,di)h{s2,V3)h{v3, di)h(si,V2)h{v2, (^2) 

h{si,V2) h{si,V3 



+ h{si,vi)h{vi,d2)h{v2, di)h{vz, di 



h(s2,V2) h{s2,V3) 



The last term is a non-identically zero polynomial, since 
Si ^ Vi, Vi ^ d2, V2 ^ c?i, V3 ^ c?i and there are two 
disjoint paths Psi,v2 and Ps2.v3- Thus, since h{v2,di) contains 
a variable which cannot be cancelled by the other term, we 
conclude that dctA/i is non-identically zero, and Mi is full- 
rank with probability 1. If instead we assume that h{v3, ^2) is 



not identically zero, then h{si,V3) = 0, and we have that 

det Ml = 

h{si,vi)h{vi,di) h{si,V2)h{v2,di) 

ft(s2,«2)/l(«2,di) h{s2,V3)h{v3,di] 

h{si,vi)h{vi,d2) h{si,V2)h{v2,d2) 
= -h{s2,V3)h{v3,di)h{si,Vi)h{si,V2) 
h{vi,di) h(v2,di) 
h{v]_,d2) h{v2,d2) 

which is not identically zero, since S2 ^ V3, V3 di, Si 
vi, si ^ V2 and there are two disjoint paths Pvi,d2 and Pv2.di- 
Therefore, we conclude that Mi is full-rank with probability 
1. From the symmetry between Mi and M2, we conclude that 
the same steps (but considering h{s2,vi) or h{vi,di) to be 
zero) will show that M2 is full-rank with probability 1. 

2) Grail network: We assume that we have a minimal 
subnetwork which still satisfies Definition 12, i.e., all the 
unnecessary nodes are removed. As key layers, we will 



use Vpi 



and Vf 



Notice that if we assume that the 



subnetwork is chosen to be minimal, each of these layers 
must contain exactly two nodes. Therefore, our condensed 
network will be as shown in Figure 18. We will let the 




U2 V<2 

Fig. 18. Illustration of the condensed network of a Grail network. 

nodes in V^i^ ) be called ui and 1*2, and the nodes in V( 



be called vi and V2, as shown in Figure 18. Next we will 
show that either we can suppress one of the two intermediate 
key layers (by assuming their nodes are just forwarding their 
received signals) and obtain a network as in V-A3, or we 
can choose scaling factors yi, 1/2, Xi and X2 (respectively 
for ui,U2,vi and V2) so that the end-to-end transfer matrix 
is diagonal with non-zero diagonal entries. We notice that if 
h{si,U2) is not identically zero, then the existence of two 
disjoint paths Psi.d2 and Ps2.di guarantees that if we suppress 



V, 



from the condensed network, we obtain the network 



in V-A3. Similarly, if h{vi,di) is not identically zero, we 
can suppress V£(to„) from the condensed network, and we are 
again in the case of V-A3. Therefore, we will assume that 
h{si,U2) — h{vi,di) = 0, and we will show that there is a 
choice of yi, y2, xi and X2 so that the end-to-end transfer 
matrix is diagonal with non-zero diagonal entries. In order to 
do that we first consider the transfer matrix between Vi and 
Vi(^y,^-,, which is given by 



F 



h{si,ui)h{ui,vi)yi 
h{si,ui)h{ui,V2)yi 
h{s2,ui)h{ui,vi)yi H 
h{s2,ui)h{ui,v2)yi H 



h{s2,U2)h{u2,Vi)y2 
h{s2,U2)h{u2,V2)y2 



(14) 
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Then we notice that if we let 

M = 



/l(s2,Ml)/l(ui, Ui) h(s2,U2)h{u2,Vi) 
h{s2,Ui)h{ui,V2) h{s2, U2)h{u2,V2) 



"'2(G) = 1. Moreover, we must also have either = 1 or 
— 1, because otherwise we can let S — P,, rf, UP< 



we have 

detM = 



h{s2,Ui)h{ui,Vi) h{s2,U2)h{u2,Vi) 
h{s2,Ui)h{ui,V2) 'h{s2,U2)h{u2,V2) 

h{ui,vi) h{u2,vi) 

h{ui,V2) 'h{u2,V2) 



h{s2,Ui)h{s2,U2) 



which is a non-identically zero polynomial on the channel 
gains, since S2 ^ ui, S2 U2 and there are two disjoint 
paths P„j „j and Pu^ ,V2 ■ Thus M is invertible with probability 
1. Since we also have that h{s2,ui)h{ui,V2) and 
h{s2,U2)h{u2,V2) 7^ with probability 1, we are guaran- 
teed that if we choose yi and y2 7^ such that 

^2,2 = h{s2,Ui)h{ui,V2)yi + h{s2,U2)h{u2,V2)y2 = 0, 

then ^ 0, Fi,2 ^ and ^2,1 7^ 0. Notice that, if 

Pi, 2 = h{s2,ui)h{ui,vi)yi + h{s2,U2)h{u2,vi)y2 were zero, 
we would contradict the fact that the system My = only has 
y = as a solution. Therefore, we have that the end-to-end 
transfer matrix can be expressed as 






h{v2,di) 




xi 0' 




a 


P 




h{vi,d2) h{v2,d2)_ 




X2 













h{v2,di)'-fX2 













h{vi, d2)axi 


4 


h{v2,d2hX2 


h{vi,d2)[ixi_ 



where a ^ 0, /3 7^ and 7 7^ 0. Therefore, since h{v2,di), 
h{vi,d2) and h{v2,d2) are all non-zero with probability 1, 
we can choose xi and X2 non-zero to make the end-to-end 
transfer matrix diagonal with non-zero diagonal entries. This 
concludes the achievabiUty proof for the case in which we 
have a grail subnetwork and thus we conclude all cases in 
which Ps = 2 is achievable. 

VI. Networks with 3/2 degrees-of-freedom 

In this section, we prove that if our network Af does not 
fall into cases (A), (A'), (B) and (B'), then we have Ps = |- 
We start by defining two main categories of networks which 
belong to (C). If Af does not contain a node v whose removal 
disconnects di from both sources and sj from both terminals, 
for i e {1, 2} (i.e., JV is not in (A)), then, from our discussion 
in V-B, we know that we must have one of the three structures 
in Figure 4. Moreover, if the network does not contain such 
a node v and does not contain two disjoint paths Psi,di and 
Psj.da, then we are in (B'). Therefore, all networks in (C) 
contain two disjoint paths Psi.di and Ps2,d2^ but do not contain 
any pair of disjoint paths P^'^ and P^'^ with manageable 
interference, or else we would be in case (B). 

We will assume that we have two disjoint paths Psi.di and 
Ps2,d2 and we will first show that we can assume that our 
network Af falls into one of two cases: 

CI. ni{G) > 2, nf = 1, n2(G) 1 and 0. 
C2. ni(G) = nf = 1 

We see this as follows. Since the interference on Psi,di and 
Ps2.d2 is not manageable, we have that either ni(G) = 1 or 



and 

ni{G[S]) = nf and n2{G[S]) = nf . So we assume WLOG 
that — 1. Then, if ni{G) = 1, we are in case C2. Thus, we 
assume ni{G) > 2, and we must have n2(G) = 1. If 1^2 = 1, 
we are again in case C2 by exchanging the names of (si, c?i) 
and {s2,d2)- Otherwise, if = 0, we are in case CI (notice 
that nf < n2(G)). 

We will provide an achievabiUty and a converse for P^ = | 
in each case. 



A. AchievabiUty for case CI 

We will start by considering case CI. Notice that we must 
have a node vi ^ Psi,di U PS2A2 such that m Psi,di and 
thus we have a path Ps2,vi that is disjoint from Psi.di- We 
let V. 

path Pv^,vi 
P 

Since Ps-^,d 



be the last node in Ps2,d2 ^ Ps2.vi, and we have the 

= P,. 



Si U -Ps2 ,d2 ^ Pvjn -^1 





v„i,vi]. Next we consider letting S* ~ 
This guarantees that ni{G[S*]) > 2. 
and Ps2.d2 do not have manageable interference, 
we must have n2(G[S'*]) — 1. Moreover, since — 0, we 
conclude that we must have a node V2 G Pv„^.vi \ {vm} such 
that V2 Ps2,d;7 and we must have a path Psi.v2 C S*. It 
can then be seen that our network is as shown in Figure 19 
up to a change in the position of the edge {v^, V4). The curvy 
lines and the dashed lines indicate paths (which may consist 
of a single edge or multiple edges). Notice that we may also 
have vi — V2- 



SI* 



S2 • d- • 4^ • • da 



Fig. 19. Illustration of the network in case CI. 

In order to achieve P^ = |, we will describe a scheme 
in which we use two different modes of operation for the 
network. During each mode of operation, only a subset of the 
nodes will be transmitting, while the others will stay silent. 
During the first mode of operation, one special node will store 
its received signals. Then, in the second mode of operation, it 
will forward the stored signals. We will consider two subcases, 
according to the position of edge (w3,W4) with respect to V2- 

1) ^(I's) < ^{^2): In this case, our "special node" will be 
the node from Psj.da in Vc(i;2)- In the first mode of operation, 
it will function as a virtual destination dj. Node d'2 and any 
node u G Ps2,d2 such that £{u) > £(^2) will stay silent during 
Mode 1. Then we notice that the two disjoint paths Ps^.^i 
and Ps2,d'2 have manageable interference. This must be the 
case, since n2(G, Psj .^2) = 1, and this unique interference is 
caused by V2 on a node u S Ps2,d2 such that £{u) > l{d'2), 
and thus n2(G, P^j^dj,) = 0. Moreover, since £{v-i) < ^(rfjj) 
and £{vm) < l^d'^), we have ni{G,Ps^,di_) > 2. 

Therefore, by using the amplify-and-forward scheme de- 
scribed in V-Al, it is possible to guarantee that the transfer 



17 



matrix between (si, S2) and (di, d'2) is diagonal with non-zero 
diagonal entries. Notice that, even though di and are not 
in the same layer, one could create a virtual path between d'2 
and a virtual node ^2 ^ which does not receive nor cause 
any interference. Then we can use the scheme from V-Al to 
guarantee that the transfer matrix between (si,S2) and (^1,^2) 
is diagonal with non-zero diagonal entries. Then it is easy to 
see that the same would hold for the transfer matrix between 
(si, S2) and (di, ^2)- During Mode 1, d^ will store its received 
signals. 

The second mode of operation should last for the same num- 
ber of time steps as the first one. In Mode 2, d'2 will become 
a virtual source S2- Then, we remove all the nodes from the 
network except those in the paths Psi,di and Ps'^,d2- Now we 
clearly have two disjoint paths with no interference. Therefore, 
it is clear that we can have the transfer matrix between (si, s'2) 
and (di, ^2) be diagonal with non-zero diagonal entries. Thus, 
by letting node d'2 = s'2 forward each of the signals received 
during Mode 1 in Mode 2, it is clear that, over the two modes, 
we create three parallel AWGN channels, two of them between 
si and di and one of them between S2 and ^2- Therefore, we 
achieve D^, = |. A visual representation of the scheme is 
shown in Figure 20. 




Fig. 20. Depiction of Mode 1 and Mode 2 for tlie acliievability scheme in 
case CI if £(1)3) < i{v2). 

2) ^{vs) > i{v2)-' In this case, in the first mode of 
operation, we let the node from Ps^.di in ^£(1,2) be a virtual 
destination d'l. Then we clearly have two disjoint paths Psi.d; 
and Ps2.d2- Any node v ^ Ps-^ ii[^Ps2,d2 will stay silent during 
Mode 1. Since we assumed that ^(^3) > ^(^2), we cannot 
have any direct interferences between Ps^.d[ and Ps2.d2^ or 
else we would contradict the fact that nf {Pg-^ ^i-^, Ps2^d2) — 1 
and 712 {Psi,di, Ps2.d2) = 0- Therefore, during Mode 1, we 
can have the transfer matrix between (si,S2) and {d'i,d2) be 
diagonal with non-zero diagonal entries. During Mode 1, d'l 
will store its received signals. 

The second mode of operation should last for the same 
number of time steps as the first one. During Mode 2, d'l will 
become a virtual source s'^. Any node v E Psi,di such that 
£{v) < £{s'i) will stay silent. Notice that the paths Ps[,di and 
Ps2.d2 have manageable interference. Therefore, by assuming 



the existence of a virtual node s" G Vi which is connected 
to s'l through a virtual path that does not receive nor cause 
any interferences, we can use the linear scheme from V-Al to 
guarantee that the transfer matrix from (s']^,S2) to ((ii,c?2) is 
diagonal with non-zero diagonal entries. Thus, by letting node 
d'l = s'l forward each of the signals received during Mode 1 
in Mode 2, it is clear that, over the two modes, we create 
three parallel AWGN channels, two of them between S2 and 
d2 and one of them between si and di. Therefore, we achieve 
Dy, = |. A visual representation of the scheme is shown in 
Figure 21. 




Fig. 21. Depiction of Mode 1 and Mode 2 for tlie acliievability scheme in 
case CI if £(U3) > l(v2). 



B. Converse for case CI 

In this section, we will show that if a network falls in 
CI, but does not contain two disjoint paths with manageable 
interference, then Dy, < |. We will start by naming some 
extra nodes which will be important to us, as shown in 
Figure 22. We will let uq be the node on Ps,,d2 such that 
{v2,vo) G E. From our discussion in VI-A, we know that 
we have a path Psi,v2^ which must be entirely contained in 
S* = Psi,di U Ps2,d2 U Pv^^v-^. Thus, we let be the last 
node in Psi,di <^Psi,v2^ and we let ve be its consecutive node 
on Psi,ti2 (which must be part of Pv^,vi as well). 



Sim 



S2« 




Fig. 22. Illustration of a network in case CI. 

The assumption that there are no two disjoint paths with 
manageable interference allows us to infer some important 
connectivity properties about networks in case CI, illustrated 
in Figure 22. Next, we state and prove these properties. 
PI. All paths from si to d2 contain nodes V2 and vq. 
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It is easy to see that if we have a path Psi,d2 not 
containing {^2,^0}^ then we must have a node Va G 
Psi,d2 such that Va ^ Ps2.d2^ ^iid thus we would have 
n2(G,Ps,,d2) ^ 2, which is a contradiction. 
P2. All paths from si io d2 contain nodes and vq. 

First consider the path Qs^A^ = -Ps2,d2 [^2, Wm] © 
A„ [I'm , V2] ® (w2 , I'd) ® ^'s2 ,d2 bo , ^2] ■ Clearly, (9s2 ,d2 n 
Psi.di = and -^> Qs2,d2- If we have a path Ps^.da not 
containing {v^,v^} we conclude that n2{G,Qs2,d2) — 2- 
But since ni(G, P^^.d^) > 2 we contradict the fact 
that there are no two disjoint paths with manageable 
interference. 

P3. All paths from S2 to di contain {vq,V2} or {v3,V4}. 
Suppose there is a path Ps2.di not containing {vq,V2} 
nor {u3,W4}. Then we let S = Ps^di U Ps2,<i2 U Ps2.di 
and we have ni{G[S], Ps^^d^) > 2. But since PI and P2 
imply that any path from si to d2 must contain {vq,V2}, 
and {ve,V2} <t- S, we must have n2{G[S], PS2M2) — 0, 
contradicting the fact that there are no two disjoint paths 
with manageable interference. 

P4. The removal of vq disconnects d2 from both sources. 
From PI, the removal of vq disconnects d2 from si. 
So suppose the removal of vq does not disconnect ^2 
from S2 and we have a path Qs-,,d2 not containing vq. 
We know that Qs2,d2 niust be disjoint from Psi.di, since 
otherwise we would contradict the fact that the removal 
of Vq disconnects d2 from si (PI). Moreover, if we let 
S = Psi,di U Qs2.do^ since vq ^ 5, we must have 
n2{G[SlQs2,d2) = 0. If ni{G[SlPs,A^) ^ 1, we 
contradict the assumption of no two disjoint paths with 
manageable interference. However, if ni{G[S]^ Ps^^^) — 
1, we must have a direct interference from Qs2,d2 on 
P,,,di, and we will have ni(G[F \ {vq}], P,,,<j j > 2 
and n2{G\V\ {wo}], Qs2,d2) = 0, and we again reach a 
contradiction. 

P5. The removal of U5 disconnects si from both destinations. 
From P2, the removal of U5 disconnects si from d2. So we 
suppose the removal of U5 does not disconnect si from di 
and we have a path Qsi,di not containing v^. The path 
Qsi.di must be disjoint from Ps2,d2^ or else we would 
contradict the fact that the removal of U5 disconnects 
si from d2 (P2). So first we let 5 — Qsi,di U Ps2,d2^ 
and, since i;5 <^ S, we have n2(G[S'], Ps2,d2) = 0. 
If we have ni{G[S\,Qs^,di) 7^ 1. we contradict the 
assumption of no two disjoint paths with manageable 
interference. However, if ni(G[S'], Qsi.di) = 1, we must 
have a direct interference from Ps.,,d2 on Qsi.di, and we 
will have ni(G[y \ {v,-,}],Qs,4i) > 2 and n2(G[y \ 
{W5}], Ps2 (J,) = 0, and we again reach a contradiction. 

P6. The removal of V2 and v^ disconnects ^2 from both 
sources. 

From PI, the removal of V2 disconnects d2 from si. So 
suppose the removal of V2 and W3 does not disconnect 
d2 from S2 and we have a path Qs2,d2 not containing 
V2 nor W3. We know that Qs^,d2 disjoint form Ps^^d^, 
or else we would contradict the fact that the removal 
of V2 disconnects si from d2 (PI). Then, we set 5* ~ 



Psi,di U Qs2,d2- Since V2,vz ^ S, from PI, we must 
have n2{G\S\,Qs2,d2) ^ 0' and from P3, we must have 
ni{G[S], Psi,di) = 0. But this contradicts our assumption 
of no two disjoint paths with manageable interference. 
P7. The removal of V2 and V4 disconnects di from both 
sources. 

From P3, the removal of V2 and V4 disconnects di from 
S2- Thus, we assume that we have a path Qs^.di not 
containing V2 nor V4. The path Qs^.di must be disjoint 
of Ps2,d2' or else we contradict P3. Thus we set S = 
Qsi,di U Ps2.d2- Since V2,V4 ^ S, from PI, we must 
have n2(G[S'], Ps2,d2) = 0, and from P3, we must have 
ni{G[S],Qs-^,di) — 0. But this contradicts our assumption 
of no two disjoint paths with manageable interference. 
P8. All paths from si or S2 to V2 contain vq. 

This follows easily from PI, P2 and P3, since V2 ^ di 
and V2 ^ d2. 

These properties allow us to infer the information inequali- 
ties that will build the converse proof. For these derivations, we 
will let A = {u e F : S2 7^ I'} and B = {v € V : si -/^ u}, 
and let Wi and W2 be independent random variables corre- 
sponding to a uniform choice over the messages on sources si 
and S2 respectively. Before we formally derive the inequalities, 
we will describe some of the intuition that leads to them, for 
a specific network example, shown in Figure 23. 




Fig. 23. Example of a network in case CI. 

We will consider, for a given n, the quantities 

a = limmf „ . „ and ^ = limmf „ , ° ■ 

P^oo flogP P^oo |logP 

It is easy to see that < a,/3 < 1. Intuitively, since all the 
information from the sources must go through either V4 or the 
nodes in B to reach 112, a can be thought of as the number 
of useful degrees-of-freedom (i.e., carrying information about 
the sources) transmitted by V2- Similarly, /3 can be thought 
of as the number of degrees-of-freedom transmitted by ^5, 
but only counting the degrees-of-freedom with information 
about message Wi (since we condition on X^^). Based on 
these quantities we will state three inequalities related to the 
degrees-of-freedom that can be achieved, and for each one 
we will provide an intuitive explanation. The formal proof is 
omitted, but it follows from the information inequalities we 
will derive later based on properties P1-P8. In the sense of 
Definition 9, we let Di be the degrees-of-freedom assigned to 
{si,di), for i — 1,2. First, we have 

Di < (15) 

since all information from Wi must flow through U5. Next, 
we claim that both Wi and W2 can be decoded from Y4 and 
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X^, and thus 



Di + D2 < 1 



(16) 



To see this, we first notice that, since the removal of W4 and 
V2 disconnects di from {sx.s^}, from Y^^ and X2, Wi can 
be decoded. Then, Wi can be used to approximately obtain 
(since the nodes in A cannot be influenced by W2), 
and, by removing its contribution from Y", we can obtain a 
noisy version of the transmit signal from v^.. But since all the 
information about W2 must flow through ^3, this aUows one to 
use F4" and to decode W2 as well. For the third inequality 
we claim that, from Y^, we can decode W2 completely and 
(a + /3 — 1) degrees-of-freedom of Wi, and thus 



D2 + {a + p-l)<l. 



(17) 



To see this, we first notice that, since the removal of vq dis- 
connects d2 from {81,82}, from Yq, we can decode W2, and 
thus obtain X'^ approximately. By removing its contribution 
from Yq, we obtain a noisy version of the transmit signal 
from node V2, which allows us to decode the a degrees-of- 
freedom transmitted by it. Now we ask ourselves how many of 
the a degrees-of-freedom transmitted by V2 must be carrying 
information about W\. To answer this question, we notice 
that all the degrees-of-freedom transmitted by V2 must have 
come through node vq. Since node receives /9 degrees-of- 
freedom with information about Wi from ^5, at most 1 — /3 
of its degrees-of-freedom can be not about Wi. Thus, any 
number of degrees-of-freedom above 1 — /3 that V2 transmits, 
i.e., a — (1 — /3) — a + fi — 1, must contain information about 
Wi. Finally, by adding inequalities (15), (16) and (17), we 
obtain 2(Di 4- £)2) < 3, and therefore Dy. < 3/2. 

Next, we formally derive information inequalities that can 
be used to show that -De < 3/2 for all networks in case CI. 
The intuition is similar to that of inequahties (15), (16) and 
(17), but the inequalities are somewhat different since they 
need to hold for any network in case CI. First we have 

nR2 < /(VV2; ITJ + ne„ < I{X^; V) + ne„ 
= I{X^, XI- Fo") - Y^\Xl) + ne„ 



(") n 



nK^-I{XJ^-Yi'\Xl) + ne^, (18) 



where (z) foUows from the Markov chain W2 ^ X^ 4-> 
Yq" ^ FJJ, which is implied by P4 and the fact fliat 82 e B; 
{ii) follows from the fact that I {X2 , X'^\Yq) can be upper 
bounded by h{Y^) — h{N^Q) by foUowing the steps in (6), 
where Ks is a positive constant, independent of P, for P 
sufficiently large. We also have that 

ni?i </(lVi;rj;)+ne„ < /(W^i; Xg) + ne„ 

(ii) ~ ~ 

y I{W,;X^\X^) + ne„ < I{X^; Xl^\X^) + nCn 

(iv) 



I{Xl,Y,:^\X'^)+nIU + nea, 



(19) 



where (i) follows because P5 and the fact that 82 & B imply 
that the removal of and B disconnects di from both sources 
and thus Wi ^ {X§,X^) ^ FJ^; {ii) foUows from flie fact 



that Xb is independent of Wi; {Hi) follows from the fact 
that, given Xg, we have Wi o X" o X5 ; {iv) foUows 
from Lemma 1, since P2 impUes that 2{ve) \ {v^} C B. To 
obtain the next inequalities, we consider two cases, according 
to the position of V4 and ^5. 

I) i{v4) < i{v5): In this case, we have 
nR2 < I{W2; YD + ne„ < I{X^^;X^, X3") + ne„ 

<^ I{X^^;X^,XS\X^)+nen 

< /(X;^ ; X2", ^3", yr\X2) + nCn 

= I{Xl ■ X3", Y^\Xl) + I{Xl ■ X^\Xl, X3", Y^) + ne„ 

< I{X-^;YnXl) + I{Xl-X-\Xl, Y^) 

+ I{X^^ , X3"; X^\Xl, Y2) + ne„ 

{iii) 

< l{X^^^,Y2\Xl) + nK^ 

+ /(X,"^ , X3"; X^\X\, YD + ncn 

? /(XS;F4"I^3) 

+ I{Xl , X?; X2"|X2, YD + nK5 + ne„ 

< I{X^;YDX^X) + I{X^^:XS\X^l Y^ 

+ I{Xl,X^- X1^\X% Y'DXl) + nK^ + ne„ 

< I{Xl-YDXl) + /(Xg; X2"|X^, YD + nK^ + ne„ 

< I{Xl-Y2, ri\TX) + nifs + ne„, (20) 

where {i) follows because P6 implies the Markov chain 
W2 ^ X^; o (^2,^3) ^ ^d"; (m) follows from the 
fact that X^ is independent of X"^; {Hi) follows by applying 
Lemma 1 to the second term, since l{v,^ < t{v^,) implies 
that X{v4) \ {vz} C A, or else we contradict P3; {iv) follows 
from the fact that 82 € B; and {v) follows because we have 
(X;;,XJ) o {X%Y^,X%) o XJ, since the removal of 
A, V4 and B disconnects 82 and 0{v3) from V2- This can 
be seen as follows. From P8, all paths from S2 or V3 to 
V2 must contain a node in I{v(i). From P2, we know that 
I{vq) \ I?;.,} C B. From P3, we know that any path from 
W3 or 82 to must contain V4. Finally, since £{v4) < £{ve), 
we have that ^ I{ve), and, therefore, any path from 82 or 
0(^3) to V2 must either contain V4 or a node in B. Notice 
that we had to consider 0{v^) instead of simply W3, because 
we have X3 , and not X3 . Next, we have that 

nRi < I{Wi;YD + ne„ < I{Wi; Y^, X^) + nen 

<^ I{X2;Y^^,X^)+nen 

= I{X^, Xb;Y^ , X2) — /(X^; 1^", X2 |X^) +nen 
= 7(X1, Xg; YD + I{X2, Xl-X^\YD 
-I{Xl-YDX^\Xl)+ner, 

{Hi) n _ - 

< -logP + nKe + I{Xl,X^,Yr;X^) 

-I{X^;Yr,X^\X^)+nen, 

where (i) foUows because P7 implies the Markov chain Wi -H- 
(y4",X2) ^di' (m) follows since si e A; (m) foUows 
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from the fact that I{X^, X^;Yl^) can be upper bounded by 
f^O^r) ~ H^sa) following the steps in (6), where Kq is a 
positive constant, independent of P, for P sufficiently large. 
The second term in the inequaUty above can be bounded as 

, (i) ~ ~ 

= I{X^;X^) + I{X%Y:- Xl^\Xl) 

<^ I{Xl-Y^) + I{X% n"; Xli\Xl) 

I{X-b;Y^) + I{X^;X^\XI) 
<I{X-,Xl-Y-)-I{X--Y-\X-) 

< ' I{X-, XI- Y-) I{X-;Y-\Xl) 
+ /(X2";V|lS)+nifr 

< '^\ogP - I{Xl,Y-\Xl) 

+ I{Xl^;Y^\Xl) + n{Kr + K^) (21) 

where [i) follows because of the Markov chain 
{X%X^,Y^) o {X%X^,Yl') o X^- (zi) follows 
because P8 implies -H- Y^ -H- XJ; {in) follows 

since, given X^, we have {X%Y^) ^ X^ ^ X^; 
(w) follows by applying Lemma 1 to /(X^*; rj'), 
since I{vo) \ {^2} C B, or else we contradict PI; {v) follows 
from the fact that I{X^,X^;Yq) can be upper bounded by 
h{Y^) - h{N^^Q) by following the steps in (6), where Ks 
is a positive constant, independent of P, for P sufficiently 
large. Thus, we obtain 

niii < nlogP - + liX^: Y,"\X^) 

- I{Xl- Y^,X1^\XI) + n(i^6 + i^T + Ks) + ne„. (22) 

11) l{vi) > ^(us): We will obtain similar inequalities to the 
ones in case 1. We will define C = I(w4) \ {^2, 1's} and D = 
Oiva) \ {ve}. Then, we will let Y^^^ = E„,ec ^M- We also 
let X^j^ = {X^^^ : Vj e D}. Notice that X^^ = X^ if 
^ C(^^3)- Then we have 

ni?2 < /(W^2;17J + «e„ < I{X^^;X^,XIj,) + nen 

<^ I{X:^;XS,Xlj,\X2)+nen 

= I{X:^;XS\X^)+I{X:^-,Xlj,\X2,X^)+ne,, 

<I{X^^;X^\X2) 

(iii) ~ ~ « 

< 7(XS; X^\X^) + I{X^^;Xl^\X1, X^) 

+ I{XI-XIj,\X% Xq, Xl^) + nen 

^< I{Xl-X:^\Xl) + I{Xl;Xl^\Xl, + nifg + ne„ 

< I{Xl;Xli\X%) + I{Xl- Xl^\Xl, X^) + nKg + ne„ 

<^ I{X^;X^\X:i) 

+ I{Xl- Xl^\Xl, XS, Xg) + nKg + nen (23) 



where (i) follows because P6 implies that the removal of 
0(^3) and V2 disconnects d2 from both sources. Then, since 
PI implies that all paths from vq to ^2 contain V2, we know 
that the removal of D and V2 also disconnects d2 from both 
sources, and we have the Markov chain W2 -o- X^ -h- 
{X^,XIjj) o Y^^; (m) follows from the fact that X\ is 
independent of X" ; {iii) follows since S2 G B; (iv) follows 
by applying Lemma 1 to /(X,"^ ; X;^£,|X2, X^\ XJ4), since, 
in case 11, if u e D\{v4}, then u V2, or else we contradict 
P8; (v) follows since S2 € B; and (vi) follows from the fact 
that, given X2 and X^, Xg is independent of X^. This is 
true because P3 implies that any path from a node in B to 
a node in C must contain W2, and, thus, the removal of A 
and V2 disconnects C from B and both sources. Notice that 
{vi) is only non-trivial in the cases where C A (when 
£{v4) > i{vi) + 1). Next, we have that 

nRi < I{Wv, Y^^ ) + nen < I{Wi; Xl^ + y^,4, X^) + ne„ 

I{Xl- Xl^ + F^_4, X2") + nen 

= I{X2;X^) + % + YS^^\X^) + nen 

< /(X3, Xg; XI, + YJ,4l^2") + X^) + nen 

r/vn vn vn , vn i \rn \vn\ 

— -'(^A)^C'^Bi^3,4 + '^Ca\^2 I 

T/vn, vn I v7i \ vn vn vn\ 

+ I{Xl, XI- X^) - /(X^; X2"|X2) + nen 

^ J ( vn vn vn vn, vn , xrn \ 

Tfvn. VI! I vn vn vn\ 

+ 7(X3, X^; X2") - 7(X^; X2"I^a) + ne„ 

< -logP + nifio + /(X;i,XS;X^') 

— I{X^-, X3_4|XJ, X^, Xg.) — I{Xg; XjjX^) + ne„, 

where {i) follows because P7 implies the Markov chain Wi ^ 
{Yi',X^) o yj^^, and (1T,X^) can be constructed from 
(-^3,4 + ^(7,4, X2) (notice that it may be the case that F4" = 
X3^4-|-12?'4-|-X2,4, if V2 e I{v4)y, {ii) follows sincc Si e A; 
{iii) follows from the fact that /(X^, Xg, Xg, X^; X3,4 + 
Y^^,) can be upper bounded by /i(X3,4 + Y^^,) - h{Nl,) by 
following the steps in (6), where Kiq is a positive constant, 
independent of P, for P sufficiently large. The second term 
in the inequality above can be bounded as 

T/vn vn , -Q'n\ ^ T ( vn vn . vn\ 
-' (^A)^B> ■^2) ^ ^ \-^Ai ^B) ^2 ) 

= /(XS;X2")+/(X:J;X2"|XS) 
</(X«;ye")+/(X2";X2"|Xg) 
<I{Xl,Xl-,Y^)-I{XV;-,Y,:\Xl) 

+ /(X2";l^"|XS) + nifn 
< - log P - /(X5"; Y^\Xl) + /(X2"; VI^S) 

+ n{Kxx + 7^12) 

where the inequalities are justified as in (21). Therefore, we 
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obtain 

ni?i < nlogP - /(Xg"; Y^\X^s) + I{X^\ ^cTI^S) 

- 7(Xg; X2"l^3) + n{Kw + ifii + 7^12) + ne„. 

(24) 

Finally, by adding equations (18), (19), (20) and (22) for case 
I, and (18), (19), (23) and (24) for case H, we obtain 

3n 

2n(i?i + i?2) < Y log P + &nK^^ + ne„ 

ilogP - 2 ^ b^P ' 

where is'max = maxj Kj. Thus, as we let n ^ 00 and then 
P — >■ 00, we obtain 

We now proceed to considering C2. We will show that if 
our network J\f does not fall in cases (A), (A'), (B), and (B'), 
then £>E = §. 

C. Achievability for case C2 

In this section, we will show that if we are in C2 and no 
edge as in (A') exists, then we can also achieve | degrees-of- 
freedom. We start by proving properties about the connectivity 
of our network, if we are in C2. Notice that, if for some choice 
of two disjoint paths P^^ and P^'^ we are in CI, our 
previous result shows that D^, = § . Therefore, we may assume 
that for no choice of two disjoint paths we are in CI. So we 
suppose we have two disjoint paths Pg^^di and Ps^^d^^ but no 
two disjoint paths with manageable interference. In addition, 
we assume that we do not have an edge as in (A'). Since we are 
in C2, we have that ni{G,Ps^4^) = {Ps2,d2i PsiMi) = 1 
and we let {v2,v\) G E be the unique edge such that V2 € 

PI. All paths from ,S2 to di contain V2 and vi. 

If we have a path Ps2,di not containing {v^, v\}, then we 
must have n\ {G, Pg^ ,di ) > 2, thus contradicting the fact 
that we are in C2. 

P2. There exists a path such that Vi ^ Qsi,di, and 

Qs,,di ^ Psj,dj = 0, for i = 1 or 2. 
Since we have no edge as in (A'), we may assume that 
either the removal of vi does not disconnect di from both 
sources, or the removal of V2 does not disconnect S2 from 
both destinations. However, from PI, the removal of vi or 
V2 disconnects S2 from di. Therefore, we must have a path 
Qsi,di such that Vi ^ Qsi,di< for z = 1 or 2. Moreover, if 
Qsi.di is not disjoint of Psj,di, we would contradict PI, 
since there would be a path Ps2,di C Qsi,di U Pgj,<ij and 

P3. If i = 1, we have nf (Ps^^da. Qsi.dJ = and 
n2{Qsudi,Ps2,d2) = 1> and if i = 2, we have 
ni{Qs2,d2,Psi,di) =0 and n^{Psi,di^Qs2,d2) = 1- 
Since Vi ^ Qsi.di U Ps^Mi, we must have 
ni{Ps2,d2^Qsi,di) = (if « = 1) or 
(<3s2,rf2>-Psi,di) = (if i = 2), or else we 
would have a path from S2 to di not containing 



Vi, and we would contradict PI. Then, since Qsi,di 
and Psj,dj do not have manageable interference, we 
must have (Q^,,^^, P^^^da) = 1 (if i = 1) and 
n?(P,„d,,Q«„dJ = l (if i = 2). 

Since (Qsi^di.Psj.da) = 1 (if « = 1) or 
"fl-Fsi.di, (3s2,d2) = 1 (if * = 2), we can assume we 
have an edge {v^^Vi) S E such that V2+i G Qsi,di and 
^2+1 € Psj,dj- Then we have the following properties. 

P4. All paths from si to d2 contain V3 and V4. 

Suppose we have a path Psi,d2 such that {v^,V4} <f_ 
Psi,d2- This implies that n2{G,Ps2,d2) ^ 2 if i = 
1 and n2{G,Qs2,d2) > 2, if i = 2. From P3 we 
have that nf (Ps^.ds, Qsi,*) = (if « = 1) or 
«f ((3s2,d2) = (if z = 2). Therefore, paths Qsi,di 

and Psj.dj may not fall in C2 (not even by exchanging 
(si, di) and (,S2, ^2))^ and must fall in CI. Since we know 
that, for networks in CI, = |, we may disregard such 
cases. 

P5. There exists a path Zs^^i such that V2+i ^ Z^i^di, and 

Since we are not in (A'), either the removal of v^ does 

not disconnect d2 from both sources, or the removal of 
V3 does not disconnect si from both destinations. From 
P4, we know that the removal of vs or V4 disconnects si 
from d2- Thus we must either have a path Zg^^di such that 
V2+i ^ Zg.^di or a path 2^,^^, such that V2+i ^ -^sj.dj- 
If we have a path .^sj.dj such that ^2+2 ^ -^si.di' then 
Zsi,d. may not intersect Qsi.di, since that would imply the 
existence of a path from s\ to d2 not containing {vz^va} 
and we would contradict P4. Moreover, we must have 
n?{Zs2,d2MstMt) = n^{Qsi.di,Zs2,d2) = (if i = 
1) or n^{Qs2,d2,Zsi,di) = n§{Zsudi,Q82,d2) = (if 
i = 2). Otherwise, since Vi,V2+i ^ Qsi,di U Z^-.^d-, we 
would contradict either PI or P4. But this means that 
Qsi.di and Zg-.^di have manageable interference, which is 
a contradiction. Therefore, we have a path Z^^^di such that 
«2+i i- Zs^.di- The fact that Zs.,d, n Pg.^d- = follows 
since otherwise we would have a path from si to d2 not 
containing V2+i. 
P6. If z = 1, we have {Ps2,d2T Zs^.di) = 1 and 
(■^si,di,Ps2,d2) = 0, and if z = 2, we have 
'"'iiZs2,d2^Psi,di) = 1 and n^{P,^^di,Zs2,d2) = 0- 
Since V2+i ^ ^si,d, U Psj,d-i, we must have 
'nE{Zsudi,Ps2,d2) = 0(if z = l)ornf (P5i,di,-^s2,d2) = 
(if i = 2), or else we would have a path from s\ to d2 not 
containing 7^2+1, and we would contradict P4. Then, since 
Zsi^i and P.si,di do not have manageable interference, 
we must have nf (Ps2,d2) ■^si.di) = 1 (if i = 1) and 
<(Z,„d„P,,,rfJ = l'(if i='2). 

Since nf (Pg^^da. ^si^dj = 1 (if z = 1) and 
ni{Zs2,d2>Psi,di) = 1 (if z = 2), we can assume we have an 
edge {ve,V5) e E such that V4+i e Zs^^di and ^4+^ e Ps-,dj- 
However, we claim that we must have vq = V2 and 115 ~ vi. If 
Vi G Zg.^ci. this is obvious because vj e Psj.dj- If '^'i ^ -^si.dj) 
then, if {vqjV^) ^ {v2, vi), we would have a path from S2 to 
di not containing Vi, thus contradicting PI. 
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Fig. 24. Examples of networks in case C2. 



Next, we notice that we can assume WLOG that z = 1. If 
i = 2, we can first switch the names of (si, di) and (s2, d2)- 
Then we also switch the names of Zs-^,di and Qsi.di, and of 
{v2,vi) and (u3,W4), and we obtain the case where i = 1. 
Thus, from now on we assume i = 1. We will build our 
achievability scheme based on the paths Zg-^^di, Qsi,di and 
Ps2 42^ an edge {v2, Vi) such that V2 e Fg^^da and vi € Zs^^^ii 
but wi ^ Qsi,di, and an edge (w3,i'4) such that V4 € Psg.da 
and U3 e Qsi.di but ^ ^si.di- Two examples of networks 
in C2 that satisfy P1-P6 for i = 1 are shown in Figure 24. 

We will now consider two cases and provide a scheme to 
achieve | degrees-of-freedom in each case. Our schemes will 
once more be based on using two modes of operation and 
having nodes store the received signals during the first mode of 
operation and use them during the second mode of operation. 

1) ^(wa) > £{vi): In Mode 1, we let the node from Ps2,d2 
in Vf(„j) be a virtual destination d'2- Any node v E Ps2.d2 
such that £{v) > ^(c?2) will stay silent during Mode 1. 
Then we notice that the two disjoint paths Qs^.di and Ps2,d'2 
have no direct edge between them and thus have manageable 
interference. Therefore, it is possible to guarantee that the 
transfer matrix between (si,S2) and {di,d2) is diagonal with 
non-zero diagonal entries. During Mode 1, c?2 will store its 
received signals. 

The second mode of operation should last for the same 
number of time steps as the first one. In Mode 2, d'2 will 
become a virtual source Sj. Then, we remove all the nodes 
from the network except those in the paths Zs^.di and Ps'^,d2- 
We again have two disjoint paths with no direct interference. 
Therefore, we can have the transfer matrix between (sijSj) 
and {di, c?2) be diagonal with non-zero diagonal entries. Thus, 
by letting node = s'2 forward each of the signals received 
during Mode 1 in Mode 2, it is clear that, over the two modes, 
we create three parallel AWGN channels, two of them between 
si and di and one of them between S2 and d2. Therefore, we 
achieve = |. A visual representation of the scheme is 
shown in Figure 25. 

2j ^{vs) < In Mode 1, we let vi be a virtual destina- 

tion Then we consider the path Ps2,d'^ = ^^2,^2 [^2, 1^2] ffi 
{v2,vi). Then we notice that Qsi,di and Ps2,d' are disjoint 
paths. Moreover, we claim that if vi — d'2 stays silent, 
Qsi_,di and Ps2.d'2 have manageable interference. We must have 
ni{G,Qsi,di) — 0, since otherwise we would have a path 
from S2 to di not containing vi, and we would contradict PI. 
If £{vi) < i{vi), then £(^4) < e{v2) and the edge {v3,Vi) 
will guarantee that {Qsi,di, Ps2.d'2) — 1- Moreover, since 
we have a path ^si,d^ = ^si.di [si, t'l] not containing W3, 
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Fig. 25. Depiction of Mode 1 and Mode 2 for tlie acliievability scheme in 
case C2 if £(vj,) > i{vi). 



we must have n2{G, Ps2,d'.,) > 2. If i{v4) — £{vi), then 
{v3,V4) will not cause a direct interference from Qsi,di to 
Ps2,d'^- Then, if we have {Qsi.di, Ps2.d') = 0, Qsi,di and 
Ps2,d2 have manageable interference. If n^{Qs-,Mi, Ps2.d'J = 
1, the direct interference must be due to an edge (w3,wi) 
so that V3 — > Ps2.d'^- Otherwise, that would contradict the 
fact that n2 {Qsi,dn Ps2.d2) — 1- Therefore, the fact that 
we have a path -^si.di, not containing W3 guarantees that 
n2 (G, P52. ti;,) ^ 2. We conclude that, in any case, Qsi.di 
and Ps2.d'2 have manageable interference. Therefore, during 
Mode 1, it is possible to use an amplify-and-forward scheme 
which guarantees that the transfer matrix between (si, S2) and 
(di,c?2) is diagonal with non-zero diagonal entries. During 
Mode 1, d'2 will store its received signals. 

The second mode of operation should last for the same 
number of time steps as the first one. We will remove all nodes 
except those in Zs-^,di and Ps2.d;- In Mode 2, S2 will transmit 
the same signals it transmitted during Mode 1, while si will 
transmit new signals. The only interference between the two 
paths happens through the edge {v2,vi). However, node vi 
received, during Mode 1, scaled versions of the transmitted 
signals at S2- Therefore, by using the signals received during 
Mode l,vi is able to remove the interference due to .S2 from its 
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received signal during Mode 2. Hence we can guarantee that 
the transfer matrix between (si, S2) and (di, ^2) during Mode 
2 is diagonal with non-zero diagonal entries. Over the two 
modes, we again create three parallel AWGN channels, two 
of them between si and di and one of them between S2 and 
d2. Therefore, we achieve = |. A visual representation 
of the scheme is shown in Figure 26. 




Fig. 26. Depiction of Mode 1 and Mode 2 for tlie acliievability scheme in 
case C2 when £{v3) < £{vi). 



D. Converse for case C2 

In this section, we will show that if our network falls in 
C2, and does not fall into (A), (A'), (B), (B') nor CI, then 
Ds < |. We will start by deriving additional connectivity 
properties, under the assumption that properties PI to P6 are 
satisfied for i = 1. 

PI. The removal of V4 disconnects d2 from both sources 
From P4, we know that the removal of V4 disconnects 
d2 from si. If the removal of V4 does not disconnect ^2 
from S2, then we must have a path Qs^Ai ^'^^ contain- 
ing V4,. We have that Qs2.d2 i^^Y ^'^^ intersect Qsi,di, 
since that would imply the existence of a path from 
si to ^2 not containing {w3,W4} and we would contra- 
dict P4. Moreover, we must have nf {Qs2,d2TQsi,di) — 
"-^(Qsi.di, ^S2.<i2) = 0- Otherwise, since vi,V4 ^ 
Qsi.di U Qs2,d^^ we would contradict either PI or P4. 
But this means that Qsi.di and Qs2.d2 have manageable 
interference, which is a contradiction. 

P8. The removal of V2 disconnects S2 from both destinations. 
From PI, we know that the removal of V2 disconnects 
S2 from di. If the removal of V2 does not disconnect 
d2 from 32, then we must have a path Zs2.d2 "o*^ 
containing V2- We have that Zs2.d2 ^i^Y "ot intersect 
Zs^_di, or else we would have a path Ps2,di not contain- 
ing V2, thus contradicting PI. Moreover, we must have 
nf (Zs2,d2,^si,di) = nf Zs^^da) = 0. Otherwise, 

since ti2, W3 ^ Zs^^di U Zs2,d2^ we would contradict either 



PI or P4. Therefore ^si.di and Zs2,d2 have manageable 
interference, which is a contradiction. 
P9. The removal of vi and W3 disconnects di from both 
sources 

From PI, the removal of vi disconnects di from 82- 
Thus we assume that the removal of vi and W3 does 
not disconnect di from si, and we have a path Mg^.di 
which does not contain vi nor 113. Then we have that 
-^si.di nPs2,d2 = 0, or else we would have a path from S2 
to di not containing ui, thus contradicting PI. Moreover, 
PI and the fact that vi ^ Ms^Ax U Ps2.d2 imply that 
nf (Ps2,d2i ^^si.di) = 0. Likewise, P4 and the fact that 
i ^Ps2,d2 imply that {M.^^d,, Ps2,d2) = 0, 

and thus M^-^ Ai and Ps2.d2 have manageable interference, 
which is a contradiction. 
PIO. There is no path from vi to 1)3 

Suppose vi U3. Then we must have i{vi) < 

£{v3). We will show that our network must contain a 
grail subnetwork, and must be in (B'). The network 
on the left of Figure 24 is an example. We consider 

paths Ps2,di = Ps2M2[s2,V2] ® iv2,Vi) ® ZsiAi[vi,dl] 

and Psi,d2 = Qsi.diisiiVs] © («3,W4) © Ps2,<i2 ^2]- 
We claim that Psi,d2 and Ps2,di must be disjoint. 
Since < ^(^3), we must have l{v2) < ^(^4). 

Thus, Ps2,d2 [52,^2] and Ps2,d2b4,d2] must be disjoint. 
Therefore, Ps2.di and Psi,d2 may only intersect if 
Zsi,di[vi,di] and Qsi,di[si,V3] intersect. However, since 
vi ^ Qsi.di[si,U3] and V3 ^ Zs^,di[vi,di], it is easy 
to see that if Qsi^di [si, 'i^a] n Zs,,di[vi,di] ^ 0, then 
there exists a path from si to di which does not contain 
vi nor V3, thus contradicting P9. Therefore, if we let 
Wa ^ vi e Ps2,di and Wb ^ V3 Psi.ds. we have 
si ^ Wa, Wa ^ Wb and Wb ^ d2, which satisfies the 
description of the grail subnetwork, given in V-B2, by 
exchanging {si,di) and (525^2). Therefore, if vi ^ W3, 
we are in case (B'), and we may assume vi 7^ v^. 

We may now prove that under properties PI through PIO, 
-Ds < §■ We will derive information inequalities, as we did 
for CI. Once more, we let Wi and W2 be independent random 
variables corresponding to a uniform choice over the messages 
on sources si and S2 respectively, and we let A = {w G V" : 
S2 7^ v} and B ^ {v E V : si -/^ v}. First we have 

nR2<I{W2;Yl)+nen 

< I{Xl-Y^) + ne„ = /(Is, ^3"; n") 

<^ ^ log P + nKi3 - I(X^ ; YI'\X^b) + , (25) 

where (i) follows from the Markov chain W2 ^ X^ ^ 
Y^ FJJ, which is implied by P7 and the fact that S2 e B; 
(ii) follows from the fact that I{X''g, X^;Y^) can be upper 
bounded by h{Yl^) — h{N^^) by following the steps in (6), 
where Ki^ is a constant, independent of P, for P sufficiently 
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large. Next, we have 

nR2<I{W2;Yl)+nen 

< I{W2;X-^,Xl)+nen 
I{W2-,X^\Xl) + ner. 

(Hi) 

< I{Xl,X^\X^)+ne„ 
<IiX^;X^,Yr\X:i) + nen 

= I{X^; Y{^\X^) + I{X^; X^\X^, Y^) + ne„ 

(iv) 



< I{Xl,Y{'\X'l) + nK,,+ne„, 



(26) 



where (i) follows because from P8, the removal of dis- 
connects d2 from S2, and therefore, the removal of V2 
and A disconnects ^2 from both sources, and we have 
W2 o {X^,Xa) ^ ^d"; follows since is inde- 
pendent of W2; {in) follows because, given X^, we have 
W2 ^ X2 X2', (iv) follows by applying Lemma 1 to 
/(X^;X^|X^,yi"), because I{vi) \ {V2} C A, or else we 
would contradict PI. Furthermore, we have 

nRi<I{Wi;Yl)+nen 

< I{Wi;X^,Y{')+nen 

= /(W^i; I3") + IiWi;Y,"\XS) + ne„ 

<' IiWv,XS\X^) + I{Wi; 171X3") + ncn 

(Hi) 

< /(X3"; X^\X^) + I{Wi; Fi"|X3") + ne„ 

< ^ I{X^; XS\X^) + I{X2; Y{^\XS) + ne„ 
= I{XS; XS\X^) + I{Xl, X^- Yr\X^) 

-I{Xl^-Y^\X^,Xl)+ne,, 

< I{XS; XJIXg) + IiX2,X^, XI, Y^) 

-I{Xl^-Y^\X^,Xl)+ne^ 

I{Xl,XS\Xl) + I{X%Xli-Yr) 
-I{Xl,Y^\Xl) + ne^ 
n . 



\ogP + nKi5 



-I{X^;Y{^\X'X)+nen 

< /(X3"; Yi^\x^) + i{xi, x^\xi,y:) 

Tl ~- 

+ - logP + ni^is - Y^\Xl) + ne„ 

iyii) _ j7 

< 7(X3";y4"|XS) + -logP + n(Jri5 + i^i6) 

-7(X2";Fi"|X3)+ne„, (27) 

where {i) follows from P9, which implies W\ -f^ (XJ, F") -H- 
yj^; (ii) follows from the fact that X^ is independent of 
W\\ (ill) follows from the fact that, given Xg, we have 
<H- .H- X^; (iv) follows from the fact that si G A; 
(v) follows because PI and PIO imply that S2 7^ W3 and, there- 
fore, ^;3 e A; (vi) follows from the fact that liX'X, X^-Y^") 
can be upper bounded by h{Y{^) — h{N^i) by following the 
steps in (6), where K15 is a constant, independent of P, for 



P sufficiently large; and (vii) follows by applying Lemma 1 
to J(XJ;XJ|X^,F4"), since X{v4) \ {V3} C B, or else we 
contradict P4. In order to bound the sum degrees-of-freedom, 
we can use the fact that 

nPi < I{Wv, ITJ + ne„ = h{Y^J - h{YX^ |Wi) + ne 
<h{Y,^J-h{Y,^JW^,X^^,^^)+ne 

= /i(FJ^ ) - h{NS^ ) + ne < - log P + nK^r + ne, 

(28) 

where the last inequaUty follows in the same way as (6). 
Therefore, we can add inequalities (25), (26), (27) and (28) in 
order to obtain 



2n(Pi P2) < ^ log P + n ^ Kj 

^ J=13 



Pi + P2 ^ 3 
■ ilogP - 2 



^17 ^. 



Thus, if we let n ^ 00 and then P — )• 00, we obtain D-^ < |. 



VIL Obtaining the full degrees-of-freedom 

REGION 

In this section, we extend the results from Theorem 1 
and characterize the full degrees-of-freedom region of two- 
unicast layered Gaussian networks. The degrees-of-freedom 
region (see Definition 9) can be understood as a high-SNR 
approximation to the capacity region, scaled down by | log P. 
Since the sum degrees-of-freedom is given by 



Dy 



lim 



..... I sup , 



Pi + P2 



we conclude that if {Di,D2) G 2?, then we must have 
Di + D2 < D^. Thus, the results from Theorem 1 provide 
an outer boimd to the degrees-of-freedom region with at least 
one achievable point. Moreover, by following the steps in (28), 
it is always possible to bound each individual rate, for P 
sufficiently large, as 

where K is independent of P, for i = 1,2. 
Hence, we conclude that V is always a subset of 
{(Di, 1)2) e : £»i < 1, D2 < 1} . It is straightforward to 
show that V is convex. Therefore, for networks that belong 
to cases (A) and (A') from Theorem 1, the fact that Dj: = 1 
guarantees that the degrees-of-freedom region is given by 

V = {{Di,D2) e : Di + £)2 < 1} . 

This region is depicted in Figure 2(a). The degrees-of-freedom 
region for networks in cases (B) and (B') can also be easily 
obtained from the result in Theorem 1. Since for all networks 
in cases (B) and (B'), we have (1, 1) e V, we conclude that 
the degrees-of-freedom region in these cases is given by 

V = {{DuD2)eM.l:Di < 1,D2 < l} , 

as depicted in Figure 2(b). 
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For networks in case (C), we will once again consider tiie 
division into cases CI and C2, as described in Section VI. If 
our network A/" falls into case C2, then, under the assumption 
that properties P2, P3, P5 and P6 in Section VI-C are satisfied 
for i = 1, we have inequaUties (25), (26) and (27). By adding 
these three inequaUties, we obtain 

16 

n{Ri + 2R2) <n\ogP + n'^Kj+ ncn 

j=13 

Rl + 2R2 Si = 13 ^3 + ^" 

^ < 2 + 



UogP 



lim 



ixixi , sup , 

V(«i'«2)eC(P) 2^ogP 



llogP 
R1+2R2 



< 2, 



which implies that, if (-Di,r>2) e V, then Di + 2D2 < 2. 
Since the achievability scheme described in Section VI-C 
shows that (1,1/2) g T>, we conclude that the degrees-of- 
freedom region for networks which belong to case C2 (but do 
not belong to cases (A), (A'), (B), (B') and CI) and satisfy 
properties P2, P3, P5 and P6 in Section VI-C for i = 1 is 
given by 

V = {{Di,D2) eRl:Di<l,Di+ 2D2 < 2} . (29) 

This region is depicted in Figure 2(d). If properties P2, P3, 
P5 and P6 in Section VI-C are instead satisfied for i = 2, 
then it is easy to see that analogous results will hold, and the 
degrees-of-freedom region is given by 

V = {{Di,D2) £Rl:Di<l, 2Di + D2 < 2} , (30) 

as depicted in Figure 2(e). The only networks that we still 
need to consider are networks which are in case CI. We will 
show that in these cases the degrees-of-freedom region will be 
given by 

V = {(£>!, A) e : £>i < 1, £'2 < 1, Di+D2< 3/2} , 

(31) 

as shown in Figure 2(c). In order to do that we will assume 

that our network Af contains disjoint paths Psi.di ™d Ps2,d2 
such that ni(G) > 2, nf = 1, 712(6) = 1 and nf = 0, 
and that the nodes from Af are named as described in Section 
VI-A and depicted in Figure 27(a). We will then consider the 
condensed network formed by layers Vi, V(^(y^) and Vr, which 
is shown in Figure 27(b). Notice that U2 is the same node as 
V2 in the original network. Therefore, edges ^,(51,^3) and 
h{u\,d2) may not exist due to property PI in Section VI-B. 
Edges h{s2, wi) and h{uz, d\) may or may not exist, and that 
will depend on the position of the edge (W3, v^) in the original 
network. We will show that points (1,1/2) and (1/2,1) are 
included in T) and, by convexity and the fact that Dy, < 3/2, 

V must be as shown in Figure 2(c). 

First note that we may assume that exactly one of the edges 
h{s2,ui) and h{u3,di) exists. Otherwise, by removing U2, 
Ps^.di and Ps2,d2 have manageable interference, thus (1,1) 
is in T> and we are in case (B). Hence, we restrict ourselves 
to two cases: (1) h{u3,di) ^ 0; and (2) h{s2,ui) ^ 0. We 
consider each one separately. 



1) h{u3, di) 7^ 0.- This network is depicted in Figure 28(a). 
We see that it falls in the case described in Section VI-A2. 
The achievabiUty scheme provided for =3/2 shows that 
(1/2, 1) e v. In order to achieve the point (1, 1/2), we need 
to use a scheme based on real interference alignment, similar 
to the ones described in [22] and [30J. 

At source si, the message Wi will be split into two 
submessages Wi^^ and W^, while S2 will have a single 
message W2. Each of these messages will be encoded using a 
single codebook with codewords of length n, which is obtained 
by uniform i.i.d. samphng of the set 



U = 'Zn -7P 2(2+e) ^ 2(2+e) 



(32) 



for a small e > and a constant 7. The rate of this code, i.e., 
the number of codewords, will be determined later. We will 
let aj[l], aj[2], ...,aj[n] be the n symbols of the codeword 
associated to message Wi^\ j = 1,2, and 6[1], 6[2], 6[n] 
be the n symbols of the codeword associated to message W2. 
At time t £ {1, n}, source si will transmit 



X,,[t]=G{ai[t]+Ta2[t]), 

where T is an irrational number, and G 
chosen to satisfy the power constraint for a constant /3 to be 
determined. Source S2 will transmit 



Pp2\Uh is 



Xs2[t] 



/?,(.S2,?i2) 

The maximum power of a transmit signal from si is upper- 
bounded by 

P^PT¥^{l + T^)j^piTi = + 7^2)72 P, 

and the maximum power of a transmit signal from S2 is upper- 
bounded by 



p2p^^ KsuU2r ^2p^ 



h{S2,U2Y h{S2,U2y 

Thus, for any choice of T and 7, parameter ^ can be chosen 
so that the maximum transmit power at the sources is less than 
P. Next we write the received signals at ui, U2 and M3. We 
will drop the time t from the notation for simplicity. 

y„, = G/i(si, ui)(oi + Taa) + A^„i 
=Gh{sx,U2){ai+b + Ta2) + Nu2 

Gh{S2,U3)h{si ,U2) J 
h{S2,U2) 

Nodes Ui and will simply perform amplify-and-forward. 
More precisely, their transmit signals will be given by 

= aF„i = aGh{si,Ui){ai +Ta2) + aN^^, 



Y 



= -aG 



h{s2,U2) h{si,ui)h{ui,di) 

I- J s 

h{S2,U3)h{si,U2) h{U3,di) 

h{si,ui)h{ui,di) 
h{u3,di) 



b + aKxNu 
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>d2 *2 




(a) (b) 
Fig. 27. (a) Illustration of network from case CI, up to a change in the position of edge (v^, V4); (b) Condensed network for networks in case CI. 



where a is a constant and Ki is a function of the channel 
gains. We will choose a so that the power constraint at each 
relay is satisfied. For example, consider node ui. The noise 
term at its received signal, iV„j, is a linear combination of 
noises in the original networks, whose coefficients are products 
of channel gains. Therefore, we may assume that E[N^J is a 
constant ct^ . Thus, the transmitted power at ui is 

= a^l3^h^{si,ui){l + T^)-f^P + o^al^. (33) 

It is now easy to see that a can be chosen independently of P 
to make sure that E\o?Y^^ < P, for P sufficiently large. The 
received signal at node U2 can be seen as a noisy observation 
of a point in the set 

~ Gh{si,U2) {xi + Tx2 : xi eU + U,X2 eK} , 

for xi = ai + b and X2 ~ 0,2, where U + U = {iti 



U2 



ui,u2 e U} c "Zn 



-2jP~^ 



As explained 



,27^2(2+. 

in [22], the fact that T is irrational guarantees that there is a 
one-to-one map from the points in to the points {xi,X2) E 
(U+U) xU. Moreover, from Theorem 1 of [22] and subsequent 
remarks, we conclude that, for almost all choices of T, the 
minimum distance between two points in 14^2 satisfies 

dmin > Gh{si,U2)-. rj— , 

for some constant k. Thus we have 

l + 2e 

> n'[Si,U2) )(!+,) 

jl + e p 2(2 + e) 



ft.(si,U2)K/3 
71+e 



Node U2 will map its received signal to the nearest point in 
Uu2, and then use the fact that this point uniquely determines 
(ai + b) and 02 to decode these two integers. We will refer to 
the output of this procedure as di + b and 02. If the variance of 
Nu2 is given by crfj^, then the probabihty of a wrong decoding 
at U2 is given by 

Pr[ai + b ^ ai 
< exp 



b,a2^a2] <2Q 



2(T„ 



mm 

'8< 



exp i-SP" 



where S is a positive constant, independent of P. The transmit 
signal at U2 will then be 



„h{si,ui)h{ui,di) 

Xu2 = aG J- — (ai 

h[U2, di) 



b). 



We choose a independently of P, so that the power constraints 
at ui, U2 and U3 are simultaneously satisfied, for P sufficiently 
large. The received signal at the destination di is given by 

Ydi = h{ui,di)Xu^ + h{u2, di)Xu2 
+ h{u3,di)Xu,+Nd, 
= aGh{si,Ui)h{ui, c?i) I ai + Ta2 + di + b — b 



eff 

di ' 



where iV^f = ah{ui,di)Nu^ +ah{u2,di)KiNu^ +Nd^. The 
received signal at o?2 is given by 

Yd2 = h{u2,d2)Xu2 +h{u3,d2)Xus + Nd2 

'h{u2,d2)h{si,ui)h{ui,di) - 

— aG z (ai + 0) 

h{u2,di) 

h{u3,d2)h{si,ui)h{ui,di) g 

— a X + I\d^ , 

h{u3,di) 

where N^^ = ah{u3, d2)KiNu3 + A^da- Notice that with 
probability at least 1 — exp(— (JP*^), y^i and Y^^ are given 
by 

Yd, = aGh{suu^)h{ui,d^)(2a^ + Ta2) + Nf, 



Yd2 = aGh{si,ui)h{ui,di) 



h{u2,di) 



(ai + b) 



'h{u3,d2) ^ 
h{u3,di) 



n: 



eff 
d2- 



The destinations will first perform a hard-decoding, similar 
to the one performed by U2. If we assume that the decoding 
at node U2 was correct, the signal received by di is a noisy 
version of a point in the set 

Ud, — aGh{si, di) {2xi + Tx2 : xi,X2 G U} , 

for xi — oi and X2 = 02- Thus, by using the same argument 
used previously, it can be shown that di can decode ai and 02 
with probability of error smaller than exp(— (52^"^), for some 
positive constant 82- Assuming that the decoding at node U2 
was correct, the signal received by d2 is a noisy version of a 
point in the set 



Ud2 = aGh{si,ui)h(ui,di) 



h{u2,d2) 



h{u2,di) 

{xi + T2X2 : xi eU + U,X2 eU} , 



27 



S2 ' 



W3/ 



(a) 




(b) 



Fig. 28. (a) Condensed network in case (1); (b) Condensed network in case 
(2). 



for xi = ai + b and X2 = b, where T2 



h{u2 ,di)h{u3 ,d2) 
h(u2,d2)h(u3,di) ' 

Next we notice that h{u2,di), h{u^,d2), h{u2,d2) and 
h{u3, di) are each a polynomial on the channel gains he of the 
original network with only coefficients 1 . Since each is in- 
dependently drawn from a continuous distribution, we see that 
if the polynomials /i(m2, di)/i(u3, ^2) and h{u2,d2)h{u3,di) 
are not identical, then, with probability 1, T2 is an irrational 
number. From the description of the original network, given in 
Section VI- A, we see that 1*2 — V2 is on a path Pv„^.vi such 

that Pv^.vi n PS2M2 = {vm}, Vm 7^ V2 and wi P^i.di- 
Therefore, there must exist two disjoint paths Pu.,,di and 
Pu3,d2- This implies that the determinant 



h{u2,di) h{u3,di) 
h{u2,d2) h{u3,d2) 
= Mu2,di)h{u-i,d2) 



h{u3,di)h{u2,d2 



is non-zero with probability 1. This implies that 
h{u2,di)h{u3,d2) and h{u3,di)h{u2,d2) are not identical 
polynomials. Hence, we conclude that, with probability 
1, T2 is an irrational number and d2 can decode b (and 
also Oi + b, and thus ai, even though d2 does not require 
the message encoded by the ai's) with probability at least 
1 — exp(— ^aP*^), for some 63 > 0. 

By applying these hard-decoders, destination di obtains 
the estimates di[t\ and 02 [t], and destination c?2 obtains the 
estimates b[t], for t = 1, ...,n. Then they can apply typicality- 
based decoders in order to decode the messages 
and W2. 

We now determine the rate of the codebook which is used 
to encode Wi"^"^ and W2. We notice that for each of the 

messages Wl^^\ W^f ^ and W2, we effectively have a point-to- 
point discrete channel with input and output alphabet U. Even 
though we do not calculate the actual transition probabilities, 
we know that the error probability is upper-bounded as 



Pe < 1 - (1 - exp(-,5P^)) 

(1 - exp{-S2P')){l - eM-SsPl) 
< 1 - (1 - eM~SnunP')f < 4exp(-(5„ 



.P' 



where Smh-i = inin((5, (52, iJs). This allows us to lower bound 
the mutual information between the input U and the output 
U of this channel, for a uniform distribution over the input 



alphabet. Using Fano's inequality, we have 

IiU;U) > H{U) - H{U\U) 

>log \U\-{l + P,\og\U\) 
= (l-Fe)log \U\-l 

> (1 - 4exp(-<5,„i„P^)) I + 1 



> (1 - 4exp(-(5n 



- 1 



l-elogP_ 



Therefore, since we constructed our code by taking indepen- 
dent samples uniformly at random from the set U, it can 
achieve rate i? = (1 — 4exp(— 5t„inP'^))| 



-e logP 



2 + £ 



4, by 

having the codebook contain 2"^ codewords. Thus, each of 
the messages w['^\ and W2 possesses 

R 1-e 

lim = 

P^oo i log P 2 + e 

degrees -of-freedom. Since e can be chosen arbitrarily small, 
we conclude that each of the messages may in fact achieve 
arbitrarily close to 1/2 degrees-of -freedom. Therefore, we 
achieve the point (1,1/2) in the degrees-of-freedom region, 
and complete the proof in this case. 

2) h{s2,ui) 0: As seen in Figure 28(b), the network in 
this case falls in the category of networks described in Section 
VI-Al. The achievability scheme provided for = 3/2 
shows that (1,1/2) G V. Once more, we will use real 
interference alignment to achieve the other extreme point, i.e., 
(1/2, 1). We will follow the steps in case (1) closely. 

This time, at source S2, message W2 will be split into two 
submessages W2^^ and w'^^ , while s\ will have a single 
message W\. These three messages will be encoded using 
a single codebook with codewords of length n, which are 
obtained by uniform i.i.d. sampling of the set U, defined in 
(32). The rate of this code will be determined later. We let a[l], 
a[2], a[n] be the n symbols of the codeword associated to 
message W\, and 6j[l], f'j[2], bj\n\ be the n symbols of the 
codeword associated to message w':^^, j = 1,2. sources s^ 
and S2 will respectively transmit 



h{s2,ui 



-bi[t] 



h{si,U2) 
HS2,U2) 



HA 



As in (1), G can be chosen as G = f3P^i^+^ to satisfy the 
sources power constraint, for some constant /3. We again drop 
t from the notation for simplicity. The received signals at ui, 
U2 and U3 are given by 



Y,,,. 



Gh{si,ui) \a + bi + 



hisi,U2)h{s2,ui) ^ 

h{s2,U2)h{si,Ui) 



Gh{si,U2) 



h{s2,U2)h{si,Ui) 
h{si,U2)h{s2,Ui) 



61 + 62 + a 



V nil \ I Hsi,ui), , h{si,U2) 

r„3 = Gh{s2,U3) y- -61 + y- -^2 

\h{S2,Ui) h[S2,U2) J 
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Nodes ui and M3 will simply perform amplify-and-forward. 
More precisely, their transmit signals will be given by 



ah(u2, di 



h{si,ui)h{ui,di) 



h{ui,di) 



h{S2,U2)h{si,Ul) 



X. 



-ah{s2,ui)h{u2,d2) ^ 

•Ug AAA ^ 

h{si,ui)h{s2, U3)h{u3, d2) 



aGh{u2, d2) 

h{U3,d2) 



, h{si,U2)h{S2,Ul) . 

-61 - ^ '-^ '-b2 + aK2Nu^, 

h{S2,U2)h{Sl,Ul) 



for some constant a, where Ki and K2 are functions of the 
channel gains only. The received signal at node U2 can be seen 
as a noisy observation of a point in the set 

= Gh{si,U2) {Txi +X2 ■■ xi gU,X2 €U + U} , 

for xi = h and X2 = a+&2, where T = ^ext 

we notice that h{u2,di), h{u^,d2), h{u2,d2) and h{u^,di) 
are each a polynomial on the channel gains of the original 
network with only coefficients 1 . From the description of the 
original network from Section VI-A, we see that U2 = V2 is 
on a path Pv„,vi such that Pv^,vi n ^si.di = and Vm € 
Ps2,d2- Therefore, there must exist two disjoint paths Psi,«i 
and Ps2,u2- This implies that the determinant 



h{si,ui) h{s2,ui) 

h{si,U2) h{s2,U2) 

= h{S2-,U2)h{sx,U-i) - h{Si,U2)h{S2,Ui) 



is non-zero with probability 1. As we argued before, this 
implies that, with probability 1 on the value of T, after 
mapping the received signal to the nearest point in L(u2, W2 can 
decode bi and a + 62 with probability at least 1 — exp(— (54P'^), 
for some positive constant 6 4. The transmit signal at U2, will 
then be 

= -aGbi, 

where 61 is the output of the hard-decoding performed by U2. 
We again notice that a can be chosen independently of P, for 
P sufficiently large, guaranteeing that the power constraints 
at ui, U2 and 7/3 are simultaneously satisfied. The received 
signal at destination d\ is given by 

Frfi = h{ui,d-i)X^^ + h{u2, di)Xy,2 + 



= aGh{u2, di)\a + 61— 61 -|- 



h{si,U2)h{S2,Ui)^ 1 , ^reff 



h{S2,U2)h{si,Ui) 



where N^^ = ah{ui,di)KiNu^ + Nd^. The received signal 
at d2 is given by 

Yd^ = h{u2, d2)Xu^ + h{u3, d2)Xu,, + Nd^ 
= aGHu2, d2) U - k - y^'^^iy^^^i ^.) + Nt 

V h{S2,U2)h{Si,Ui) I 



where Nf^ = ah{u^,d2)K2Nu:, + Nd^. Notice that with 
probability at least 1 — exp(— 54^*^), F^i and are given 
by 



Ydi = aGh{u2, di) \ a + 



h{si,U2)h{s2,Ui) ^ \ 
h{S2,U2)h{si,Ui) J 



■n: 



eff 



Yd2 = aGh{u2,d2) -2bi - y- -y- -62 

\ h{S2,U2jh{Si,Ui) j 

The destinations will first perform a hard-decoding, similar 
to the one performed by U2- If we assume that the decoding 
at node U2 was correct, the signal received by d\ is a noisy 
version of a point in the set 

Ud^ = aGh{u2, di) {xi + T~^X2 : xi,X2 , 

for a;i = o and X2 = 62- Thus, it can be shown that, with 
probability 1 over the value of T"^, di can decode a (and 
also 62) with probabihty of error smaller than exp(— JsP"^), for 
some positive constant ^5. Again assuming that the decoding 
at node U2 was correct, the signal received by ^2 is a noisy 
version of a point in the set 

Ud2 = aGh{u2,d2) {xi +Tx2 : xi e 2U , X2 e U} , 

for a;i = — 26i and X2 = 62- With probability 1 over the 
value of T, d2 can decode bi and 62 with probability at least 
exp(— JgP'^), for some positive constant (if the decoding 
at U2 was also correct). Therefore, destination di obtains a[t] 
and destination d2 obtains both bi[t] and b2[t],fort = l,...,n, 
and, by applying typicality -based decoders, the messages Wi, 



W^^^ and W^^' can be decoded by their intended destinations. 
By following the same steps as in case (1), our codebook can 
have rate 

1 - e log P 
R={1- 4exp(-5^i,P^))^^ - 4, 

where ^min = min(^4, 65,6^). Thus, each of the messages car- 
ries degrees-of-freedom. Since e can be chosen arbitrarily 
small, we conclude that (1/2, 1) G V, and V is as given in 
(31). This concludes the derivation of the degrees-of-freedom 
region of all two-unicast layered Gaussian networks. 

In order to state the result in a concise way, we will 
use the notion of disjoint paths with (sj, di)-manageable 
interference (see Definition 10). Notice that if P^^.di and 
Ps2,d2 have interference that is both (si, di)-manageable and 
(s2, rf2)-manageable, they do not necessarily have manageable 
interference, since the latter requires a single set S for which 
ni{G[S]) ^ 1 and n2{G[S]) ^ 1. We will describe case 
CI in terms of (sj, rfi)-manageable interference through the 
following claim. 

Claim 2. A network Af is in case CI and not in cases (A), 
(A'), (B) and (B') if and only if it has disjoint paths Pai,di 
and Ps2,d2 ^^th interference that is not manageable, but is 
both {si, di)-manageable and {s2, d2)-manageable. 

Proof: By definition, if Af is in case CI, we have WLOG 
n-iiG) > 2, = 1, n2{G) = 1 and = 0, which implies 
that Psi,di and Ps2,d2 ^^ave (si, rfi) -manageable interference. 
Moreover, we see from Section VI-B (and Figure 27(a)) that 



.(2) 
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Psi,di U Ps2,d2 ^ \ {^2} and, from property PI, we have 
n2{G[V \ {^2}]) — 0, which implies that the interference 
between Psi.di and Pss.da is also (s2, d2)-manageable. Next 
we argue that, conversely, if Psi,di and Ps2,d2 do not have 
manageable interference but have interference that is both 
(,si, di)-manageable and (s2, ^2) -manageable, then we must 
be in case CI. Since Psi,di and Ps2,d2 do not have manageable 
interference, we must have either nf = 1 or nf' = 1. If 
nf = 1, for i = 1 or 2, then since Psi.di and Ps2,d2 have 
(sj, (ii)-manageable interference, we must have ni{G) > 2. 
Therefore, we cannot have nf = nf^ = 1, or else we would 
have Til (G) > 2 and n2 (G) > 2. We conclude that the only 
possible case is ni{G) > 2, nf = 1, nj{G) = 1 and nP = 0, 
and we are in case CI. ■ 
For networks in case C2, we can describe whether properties 
P2, P3, P5 and P6 in Section VI-C are satisfied for i = 1 or 
i = 2 in terms of (sj, dj)-manageable interference with the 
following claim. 

Claim 3. A network J\f that is in case C2 and not in cases (A), 
(A'), (B), (B') and CI satisfies properties P2, P3, P5 and P6 in 
Section VI-C for i = k if and only if it contains paths Z^^^d^' 
Qsk,dk '^^Psk.d,, such that Qsk,dk Ps,,4,, are disjoint and 
have {si, di)-manageable interference, Zs,,.dk '^nd Psf^^dn ^^^^ 
disjoint and have {s2,d2)-manageable interference. 

Proof: If N satisfies properties P2, P3, P5 and P6 in Sec- 
tion VI-C for i = k, then it is easy to see that it must contain 

paths Zs,^4,., Qsk.dk and Pgj^.d^. as in the statement of the 
claim. Conversely, we want to argue (WLOG) that if we have 
paths Qsi,di and -^si.di, each disjoint from Ps2,d2< such that 
and Ps.,.d2 have (s2, (i2)-manageable (but not {si,di)- 
manageable) interference and Qs^^d^ and Ps2,d2 have {s\,dx)- 
manageable (but not (s2, rf2)-nianageable) interference, then 
the network M must satisfy properties P2, P3, P5 and P6 
for 1 = 1. Since .^si.di and Ps2,d2 have (s2, d2)-manageable 
(but not (si,di)-manageable) interference, we must have 
ni{G,Zs^Ai) = ni{Ps2,d2,Zs,4j = 1. Similarly, we must 
have n2{G,Ps2,d2) = {Qsi,di, Ps2,d2) = 1- We let {v2,vi) 
be the unique edge such that V2 S Ps2,d2 and vi G Zg^^di- 
Now we notice that we must have nf'(Ps2.d2i Qsi.di) = 0' 
since otherwise we would have a path Ps2,di which does not 
contain {v2, ui}, and this would imply that ni(G, -^si.di) > 2, 
which contradicts the fact that Zg-^.d^ and Ps2.d2 do not have 
(si, di)-manageable interference. Similarly, we must have 
nf =0. ■ 

The results obtained in this section regarding the complete 
degrees-of-freedom region are summarized in Theorem 2. 

VIII. Conclusion 

We explored the degrees-of-freedom of two-unicast layered 
Gaussian networks. Our result shows that, in terms of degrees- 
of-freedom, there are essentially three categories of such 
networks. In the first one, the network connectivity creates 
a bottleneck for the information flow, forcing all the messages 
to be decodable at a single node. Therefore, we only have 
one degree-of-freedom. In the second, the interference can be 
completely avoided or neutralized and we achieve two degrees- 
of-freedom. Networks which contain a grail or a butterfly 



achieve their two degrees-of-freedom by "borrowing" their 
achievability schemes from Unear network coding. When no 
such structures exist, we must find two disjoint paths and 
verify whether it is possible to completely neutralize their in- 
terference. The notion of manageable interference arises quite 
naturally in these cases: we simply want to make sure that no 
path receives a single interference from the other path. This 
way, a path may either receive no interference at aU or receive 
at least two interferences from the other path, which allows for 
interference cancellation techniques. The remaining networks 
have exactly 3/2 sum degrees-of-freedom. The intuitive reason 
is that these networks do not have a single node through which 
all information must pass restricting the degrees-of-freedom 
to one, but their interference is not manageable. One way to 
achieve the 3/2 sum degrees-of-freedom is to perform a sort of 
"scheduling" of the transmissions, in order to be able to avoid 
or neutrahze the interference. The buffering involved in this 
scheduling costs us half a degree-of-freedom. This third class 
of networks can be further subdivided into three subclasses, 
according to which of the points (1,1/2) and (1/2,1) are 
included in the degrees-of-freedom region. 

The achievability schemes considered show that only a 
small fraction of the nodes must in fact be careful in their 
relaying operations. In fact, we achieve the sum degrees- 
of-freedom by converting any multi-layered network into a 
condensed network with at most four layers. Thus, the nodes 
in at most four layers (the source layer, the destination layer, 
and two intermediate layers) perform relaying operations that 
require channel state information. All the other nodes are 
simply forwarding their received signals. Another interesting 
aspect of the achievability schemes is that, in most cases, a 
linear scheme suffices to achieve two degrees-of-freedom. In 
some cases, however, we must resort to a more sophisticated 
scheme such as real interference alignment. For example, this 
is the case of the 2 x 2 x 2 interference channel studied in [30], 
where a simple linear scheme cannot achieve two degrees-of- 
freedom (unless the channel gains vary with time). 

Our assumption of a layered network topology serves 
mainly to simpUfy the problem. If non-layered networks are 
considered, the main issue is that interference may occur not 
only between signals originated at different sources, but also 
between signals originated at different times. Therefore, in 
order to perform interference cancellation, for example, one 
needs to make sure that the two cancelling signals correspond 
to the same time-version of the source signal. For non- 
layered networks, other techniques such as signal delaying and 
backward decoding must be used to achieve the degrees-of- 
freedom, and the problem becomes significantly more difficult. 
However, the layered network assumption is not artificial. 
Since the layered topology simplifies the analysis and the 
implementation of coding schemes, it is desirable in practice, 
and it can actually be simulated in practical contexts by having 
the transmitters on each layer transmit on a different frequency 
band, which allows us to assume that the links only exist 
between consecutive layers. Moreover, a layered structure can 
also arise from the scheduling of the transmitting nodes in a 
wireless network with half-duplex nodes. In this context, each 
hop would capture which nodes are transmitting and which 
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nodes are receiving at a given time slot, and the same node 
could appear in multiple layers, since they may be transmitting 
at multiple time-slots. 

The natural extension of this work would be to consider 
more than two information flows in the network. Recently, in 
[31], networks with two source-destination pairs where each 
source has a message to each destination (for a total of four 
messages) were considered. Interestingly, it was shown that the 
sum degrees-of-freedom can also take values 4/3 and 5/3, 
in addition to the values 1, 3/2 and 2 that are possible in 
the setup considered in this paper. The next step would thus 
be to consider more than two source-destination pairs. The 
main issue lies in the combinatorial complexity of a larger 
number of source-destination pairs. For example, if one were 
to extend a notion such as manageable interference to more 
than two source-destination pairs, not only would the number 
of interferences on a (si,di)-path have to be considered, but 
also which subset of the other sources contributes to each 
interference. Moreover, it is not clear whether the non-linear 
schemes that were necessary for networks such as the 2 x 2 x 2 
interference channel can in fact be easily extended to networks 
with more than two source-destination pairs. In particular, 
the characterization of degrees-of-freedom of the 3 x 3 x 3 
interference channel remains an open problem. 
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A. Proof of Lemma 1 
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where (z) follows from the fact that F^" — J2v eA ^'■a b 
X^t,; (ii) follows since, for j = b, N^j - j^^^^b = 
0; (iii) follows by letting k = 1 + {maXf-j^E he/hf)"^; 
{iv) follows because conditioning reduces entropy and thus 
we can condition on A^";,; (iv) follows from the fact that, 
since for u e -D and w & w/^ w, A^"„ is independent of 
all the random variables conditioned on. 



B. Proof of Lemma 2 

Consider the nodes in I{vf). Assume, by contradiction, 
that there are no two paths Pg^^^i and Pg^y such that 
^si,t)j 1^ ^S2.fj, = {^p}- Then, we do not have two vertex- 
disjoint paths starting in {si,.S2} and ending in T{vf). From 
Menger's Theorem, there exists a node whose removal 
disconnects {si,S2} from I{vf), and thus from Vp. The 
existence of the path Ps^.di containing guarantees that 
Vd € Psi,di- Since the removal of disconnects from 
di, and the removal of Vd disconnects {si,S2} from vJp, we 
conclude that the removal of Vd also disconnects from di. 
But this is a contradiction to the fact that Vp was the first such 
node. 

C. Proof of Claim 1 

We let G = iy,E) be the graph of our original net- 
work, and we construct an extended network M with graph 
G — {V',E') in the following way. We let the layers in V' 
be Vi,Vl,V2,Vi,...,Vr,V;, where V; is a copy of Vj, j = 
1, r. The edges between V- and V,+i, for j = 1, 2, r — 1, 
are the same as the edges between Vj and V^+i in G. To add 
the edges between Vj and for j = l,2,...,r, we simply 
connect each Vk € Vj to its copy in V-. The source-destination 
pairs of M are the same as of A''. 

Next we claim that if we have an edge e e £" whose 
removal from M' disconnects di from both sources and sj 
from both destinations, i E {1, 2}, then our original network 
falls in (A). Suppose we have such an edge e G E'. If 
e G Vj X Vj for some j, then it is easy to see that in the 
original network, this edge corresponds to a single node in 
Vj whose removal disconnects di from both sources and 
from both destinations, and we must be in (A). Otherwise, if 
e G Vj X Vj+i for some j, then the removal of the edge e in 
Vj X Vj (or Vj+i X Vj_^_i) which is adjacent to e must also 
disconnect di from both sources and si from both terminals. 
This is because all paths from any source to any destination 
which contain the nodes in e must also contain the nodes in 
e. Therefore, e can be translated to a node v in J\f whose 
removal disconnects di from both sources and di from both 
destinations, and M falls into case (A). 

Therefore, the absence of a node v as described in (A) in our 
network Af implies that Af' does not contain an edge whose 
removal disconnects di from both sources and Si from both 
destinations for some i G {1,2}. Thus, we employ a result for 
double unicast networks, shown in both [27] and [28], which 
guarantees that the extended network Af' must contain one of 
the three structures shown in Figure 4: two edge-disjoint paths 
Psi,di and Ps2.d2' 'I butterfly, or a grail. Moreover, we notice 
that, in Af', any pair of edge-disjoint paths is also vertex- 
disjoint, and corresponds to a pair of vertex-disjoint paths in 
Af ■ Thus, we conclude that if our network A'^ is not in (A), then 
it must contain two vertex-disjoint paths Psi,di and Pg^^di^ a 
grail structure or a butterfly structure. 
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